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TIME-DEPENDENT COATING FLOWS IN A STRIP, PART I:

THE LINEARIZED PROBLEM

AVNER FRIEDMAN AND JUAN J. L. VELÁZQUEZ

Abstract. This work is concerned with time-dependent coating flow in a
strip 0 < y < 1. The Navier-Stokes equations are satisfied in the fluid region,
the bottom substrate y = 0 is moving with fixed velocity (U, 0), and fluid is
entering the strip through the upper boundary y = 1. The free boundary has
the form y = f(x, t) for −∞ < x < R(t), where R(t) is the moving contact
point. Our objective is to prove that if the initial data are close to those of
a stationary solution (the existence of such a solution was established by the
authors in an earlier paper) then the time-dependent problem has a unique
solution with smooth free boundary, at least for a small time interval. In this
Part I we study the linearized problem, about the stationary solution, and
obtain sharp estimates for the solution and its derivatives. These estimates will
be used in Part II to establish existence and uniqueness for the full nonlinear
problem.

1. Formulation of the problem

In this work we consider a time-dependent coating problem in the 2-dimensional
strip

D = {−∞ < x <∞, 0 < y < 1}.
We denote the free boundary by

y = f(x, t), −∞ < x < R(t);

thus, (R(t), 0) is the starting point of the free boundary at time t (also called the
contact point),

0 < f(x, t) < 1 for −∞ < x < R(t),

f(R(t), t) = 0,

and the fluid region is

Ωf = {(x, t) ∈ D, y > f(x, t) if−∞ < x < R(t)}.
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We seek a free boundary y = f(x, t), and velocity ~v and pressure p defined in
Ωf , such that:

~vt + (~v · ∇)~v = ∆~v −∇p in Ωf ,(1.1)

∇ · ~v = 0 in Ωf ,(1.2)

~v = ~U + ε~ξ(x, t) on y = 1,(1.3)

~v = ~U on y = 0, x > R(t),(1.4)

and

T (~v, p)~n = σκ(f)~n on {y = f},(1.5)

~v · ~n = VN on {y = f};(1.6)

we also prescribe initial conditions:

~v(x, y, 0) = ~v0(x, y), f(x, 0) = f0(x) with R(0) = R0.(1.7)

Here ~v = (v1, v2),

T (~v, p)ij = (∂ivj + ∂jvi)− pδij

is the stress tensor (note that ∂tvi + (~v · ∇)vi =
∑

j ∂jTij by (1.1), (1.2)), ~n is the
outward normal:

~n =
1√

1 + f2
x

(fx,−1),

κ(f) is the curvature:

κ(f) = − fxx
(1 + f2

x)3/2
,

VN is the velocity of the free boundary:

VN = − ft√
1 + f2

x

,

~U = (U, 0) is a given uniform velocity in the x-direction, U > 0, and σ is a positive
constant (1/σ is called the capillary number).

In a previous paper [6] we considered the corresponding stationary problem and
established existence and uniqueness provided ε is small. In the present work we
shall establish existence and uniqueness for (1.1)–(1.7) for small time, say 0 ≤ t < T ,
provided the initial data lie in some small neighborhood of a stationary solution.
This result implies that the stationary solution established in [6] is stable, at least
for some small time interval.

In Part I we consider the linearization of (1.1)–(1.7) about a stationary solution
with velocity close to (U, 0). The computation leading to this linearized problem
will be described in Part II, where the full nonlinear problem (1.1)–(1.7) will also
be studied. [For the stationary problem, the linearization was derived in [5] and
[6].]

The linearization involves several change of variables and, in particular, the
transformation x→ x−R(t) which fixes the contact point of the free boundary at
the origin. Another simplification is obtained by subtracting from the solution a
fixed function which satisfies the boundary conditions at y = 1.

If we introduce the stream function ϕ(x, y, t) for (x, y) ∈ D and the free boundary
y = f(x, t) for −∞ < x ≤ 0, the linearized problem then consists of the following
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system:

∂

∂t
∆ϕ−∆2ϕ = µ0(x, y, t) in D,(1.8)

∂ϕ

∂x
=
∂ϕ

∂y
= 0 if y = 1,−∞ < x <∞,(1.9)

∂ϕ

∂x
=
∂ϕ

∂y
= 0 if y = 0, 0 < x <∞,(1.10)

∂f

∂t
+ β0

∂f

∂x
− ∂ϕ

∂x
= a0(x, t) if y = 0, x < 0 (β0 > 0),(1.11)

3
∂3ϕ

∂x2∂y
+
∂3ϕ

∂y3
+ σ

∂3f

∂x3
− ∂2ϕ

∂y∂t
= b0(x, t) if y = 0, x < 0,(1.12)

∂2ϕ

∂x2
− ∂2ϕ

∂y2
= c0(x, t) if y = 0, x < 0(1.13)

for t > 0, with initial conditions

ϕ(x, y, 0) = ϕ0(x, y), f(x, 0) = f0(x),(1.14)

where µ0, a0, b0, c0, ϕ0, f0 are given functions.
Actually, β0 is a function of t, but we prefer to study the problem for β0 fixed, and

to consider β0(t) a perturbation of the constant β0 (as will be done in Part II). We
have also refrained from adding the condition f(0, t) = 0 to the linearized problem;
this condition will be imposed in Part II in order to determine the unknown function
R(t) which does not appear in the linearized problem.

In this paper we prove that the system (1.8)–(1.14) has a global solution (ϕ, f),
which is unique in some sense, and we derive precise estimates for the solution in
terms of the data. These estimates will be used in Part II in order to solve the full
nonlinear problem (1.1)–(1.7).

For clarity we shall first (§§2–12) consider the system (1.8)–(1.14) for zero initial
data:

µ0(x, y, 0) = 0, a0(x, 0) = 0, b0(x, 0) = 0, c0(x, 0) = 0, ϕ0(x, y) = 0, f0(x) = 0.

(1.15)

The case of general initial data will be considered in Section 13.
The structure of the paper is as follows:
In §2 we take the Laplace transform of the linearized problem, thereby obtaining

an elliptic boundary value problem for (W,F ) in D which depends on a complex
parameter z; here W and F are the Laplace transforms of ϕ and f , respectively.
As a preliminary step we derive an energy equality for this system. In §3 we prove
that the system has a solution (W,F ) for any z > 0 and establish uniqueness for
any complex z with Re z ≥ 0. The estimates that are obtained in §3, however, are
not strong enough to enable us to extend the existence results to Re z > 0.

The main subsequent effort is to derive stronger estimates that enable us to (i)
establish existence of (W,F ) for all z with Re z > 0, and (ii) take the inverse Laplace
transform of (W,F ) in order to obtain a solution of (1.8)–(1.15). These estimates
are stated in Section 5 (Lemma 5.1), and their proof is given in Sections 6–10 and
14, 15 (which may be viewed as an “appendix”). The estimates are semi-local in
the sense that they involve local W j,p norms with weights that depend on both |z|
and the distance R to the origin. The relative size of R with respect to |z| plays a
crucial role. The derivation of the estimates employs elliptic W j,p estimates (with
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weights which depend on |z|) for elliptic problems for a pair (W,F ) with boundary
conditions at y = 0 which are either of the form

W = ∂yW = 0 for all −∞ < x <∞ ,

or of the form

zF + β0∂xF − ∂xW = a(x) , 3∂2
x∂yW + ∂3

yW + σ∂3
xF − εz∂yW = b(x);

∂2
xW − ∂2

yW = c(x) for all −∞ < x <∞ .

These estimates are derived in Section 4 and in [7, Section 13], respectively. In
the various stages of the proof of Lemma 5.1 we also make use of Liouville type
theorems established in [7].

In §11 we extend the a priori estimates of Lemma 5.1, and in §12 we use these
estimates together with the existence results for z > 0 (established in §3) to extend
the existence proof to all complex z with |z| ≥ 1, Re z ≥ 0. Then, by taking the
inverse Laplace transform, we obtain a unique solution to (1.8)–(1.15) satisfying
appropriate estimates.

In Section 13 we extend the results of the paper to the case of general initial
conditions.

2. The Laplace transform of the linearized problem

We introduce the Laplace transform

k(t) →
∞∫
0

e−ztk(t)dt

and denote by W,F, µ, a, b, c the Laplace transforms of ϕ, f, µ0, a0, b0, c0, respec-
tively. The functions W,F then satisfy:

z∆W −∆2W = µ(x, y, z) in D,(2.1)

∂W

∂x
=
∂W

∂y
= 0 if y = 1, −∞ < x <∞,(2.2)

W =
∂W

∂y
= 0 if y = 0, x > 0,(2.3)

zF + β0
∂F

∂x
− ∂W

∂x
= a(x, z) if y = 0, x < 0,(2.4)

3
∂3W

∂x2∂y
+
∂3W

∂y3
+ σ

∂3F

∂x3
− z

∂W

∂y
= b(x, z) if y = 0, x < 0,(2.5)

∂2W

∂x2
− ∂2W

∂y2
= c(x, z) if y = 0, x < 0.(2.6)

We shall presently study (2.1)–(2.6) under the assumptions that, for some small
ε0 > 0,

a(x, z) = 0, b(x, z) = 0, c(x, z) = 0 if x > −ε0 or x < − 1

ε0
,(2.7)

µ(x, y, z) = 0 if |x| > 1

ε0
.(2.8)
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We first reduce the system to one for which a ≡ b ≡ c ≡ 0. To do this we
construct functions H(x, y, z), B(x, z) satisfying the same boundary conditions as
W,F and supported in {−1/ε1 ≤ x ≤ −ε1}, for some 0 < ε1 < ε0.

Suppressing the parameter z, we choose H to have the form

H(x, y) = γ(x) +
λ(x)

2
y2 +

δ(x)y

y

3

.(2.9)

Then we need to require that

zB(x) + β0
∂B

∂x
− ∂γ

∂x
= a(x),(2.10)

δ(x) + σ
∂3B

∂x3
= b(x),(2.11)

∂2γ

∂x2
− λ(x) = c(x).(2.12)

We choose B(x) to be a function supported in {−1/ε1 ≤ x ≤ −ε1}, such that

0∫
−∞

zB(x)dx =

0∫
−∞

a(x)dx,(2.13)

and set

a(x) = zB(x) + β0
∂B

∂x
.

Then a is supported in {−1/ε1 ≤ x ≤ −ε1} and, by (2.13),

0∫
−∞

a(x)dx =

0∫
−∞

a(x)dx.

Equation (2.10) is satisfied if ∂γ/∂x = a− a, i.e., if

γ(x) =

0∫
x

(a− a)dx;

observe that the support of γ(x) is contained in {−1/ε1 ≤ x ≤ −ε1}. Finally, if we
define δ(x) and λ(x) directly by (2.11) and (2.12), then these functions vanish if
x > −ε1 and if x < −1/ε1.

Let ζ be a cutoff function which equals 1 in an (ε1/2)-neighborhood of the interval
{y = 0,−1/ε1 < x < −ε1} and vanishes outside a (3ε1/4)-neighborhood of this
interval, and define

Ŵ = W − ζH, F̂ = F −B.(2.14)

Then Ŵ , F̂ satisfy the system (2.1)–(2.6) with a ≡ b ≡ c ≡ 0 and a new µ which
still satisfies (2.8), with a different ε0. It will be convenient to write this system in
detail, but for the sake of simplicity we drop the “ˆ”. Thus, the reduced system is
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the following:

z∆W −∆2W = µ(x, y, z) in D,(2.15)

∂W

∂x
=
∂W

∂y
= 0 for y = 1,−∞ < x <∞,(2.16)

W =
∂W

∂y
= 0 for y = 0, x > 0,(2.17)

zF + β0
∂F

∂x
− ∂W

∂x
= 0 for y = 0, x < 0,(2.18)

3
∂3W

∂x2∂y
+
∂3W

∂y3
+ σ

∂3F

∂x3
− z

∂W

∂y
= 0 for y = 0, x < 0,(2.19)

∂2W

∂x2
− ∂2W

∂y2
= 0 for y = 0, x < 0.(2.20)

In order to gain some understanding of the underlying structure of the boundary
conditions of the linear system (2.15)–(2.20), we proceed formally to derive an
energy equality. For simplicity we assume that z > 0; then W may assumed to
be real valued. Multiplying (2.15) by W and integrating over D, we get, after
integration by parts,∫

D

µW =

∫
D

W (z∆W −∆2W )

=

0∫
−∞

[
W

∂

∂y
∆W − ∂W

∂y
∆W − zW

∂W

∂y

]
y=0

dx(2.21)

− z

∫
D

|∇W |2 −
∫
D

(∆W )2;

we have assumed here that W is “appropriately” decaying as |x| → ∞.
Next,∫

D

∂2W

∂x2

∂2W

∂y2
= −

∫
D

∂W

∂x

∂3W

∂x∂y2
=

0∫
−∞

∂W

∂x

∂2W

∂x∂y

∣∣∣∣∣
y=0

dx+

∫
D

(
∂2W

∂x∂y

)2

so that

∫
D

(∆W )2 =

∫
D

[(
∂2W

∂x2

)
+

(
∂2W

∂y2

)2

+ 2

(
∂2W

∂x∂y

)2
]

+ 2

0∫
−∞

∂W

∂x

∂2W

∂x∂y

∣∣∣∣∣
y=0

dx.

(2.22)

By integration by parts

2

0∫
−∞

∂W

∂x

∂2W

∂x∂y

∣∣∣∣∣
y=0

dx = −
0∫

−∞

∂2W

∂x2

∂W

∂y

∣∣∣∣∣
y=0

dx ,(2.23)

and by (2.20)

0∫
−∞

∂W

∂y
∆W

∣∣∣∣∣
y=0

dx = 2

0∫
−∞

∂W

∂y

∂2W

∂x2

∣∣∣∣∣
y=0

.(2.24)
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Substituting (2.22) into (2.21) and using (2.23), (2.24), we find that

∫
D

µW =

0∫
−∞

W

[
∂

∂y
∆W − z

∂W

∂y

]
y=0

dx−
∫
D

z|∇W |2

−
∫
D

[(
∂2W

∂x2

)2

+

(
∂2W

∂y2

)2

+ 2

(
∂2W

∂x∂y

)2
]
.

(2.25)

Next, by integration by parts,

∫
D

∂2W

∂x2

∂2W

∂y2
=

∫
D

(
∂2W

∂x∂y

)2

+

0∫
−∞

∂W

∂x

∂2W

∂x∂y

∣∣∣∣∣
y=0

dx

=

∫
D

(
∂2W

∂x∂y

)2

−
0∫

−∞
W

∂3W

∂x2∂y

∣∣∣∣∣
y=0

dx.

(2.26)

This enables us to rewrite (2.25) in the form

∫
D

µW =

0∫
−∞

W

[
∂

∂y
∆W − z

∂W

∂y

] ∣∣∣∣∣
y=0

dx− z

∫
D

|∇W |2

−
∫
D

[(
∂2W

∂x2

)2

+

(
∂2W

∂y2

)2

+ 4

(
∂2W

∂x∂y

)2

− 2
∂2W

∂x2

∂2W

∂y2

]

+2

0∫
−∞

W
∂3W

∂x2∂y

∣∣∣∣∣
y=0

dx

=

0∫
−∞

W

[
3
∂3W

∂x2∂y
+
∂3W

∂y3
− z

∂W

∂y

] ∣∣∣∣∣
y=0

dx− z

∫
D

|∇W |2

−
∫
D

[(
∂2W

∂x2
− ∂2W

∂y2

)2

+ 4

(
∂2W

∂x∂y

)2
]
.

Using the boundary condition (2.19) we then arrive at the equation

∫
D

[(
∂2W

∂x2
− ∂2W

∂y2

)2

+ 4

(
∂2W

∂x∂y

)2
]

+ z

∫
D

|∇W |2

+ σ

0∫
−∞

W
∂3F

∂x3

∣∣∣∣∣
y=0

dx = −
∫
D

µW.

(2.27)
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Finally, by integration by parts and (2.18),

σ

0∫
−∞

W
∂3F

∂x3

∣∣∣∣∣
y=0

dx = −σ
0∫

−∞

∂W

∂x

∂2F

∂x2

∣∣∣∣∣
y=0

dx

= σ

0∫
−∞

z(
∂F

∂x
)2

∣∣∣∣∣
y=0

dx+
1

2
σβ0(

∂F (0, z)

∂x
)2 ,

(2.28)

where we have also used the fact that, since Wx(x, 0) = 0, zF + β0∂xF = 0 at
x = 0, y = 0.

Substituting (2.28) into (2.27) we get:
Energy Equality:

∫
D

[(
∂2W

∂x2
− ∂2W

∂y2

)2

+ 4

(
∂2W

∂x∂y

)2
]

+ z

∫
D

|∇W |2

+ σz

0∫
−∞

(
∂F (x, z)

∂x

)2

dx+
1

2
σβ0

(
∂F (0, z)

∂x

)2

= −
∫
D

µW.

(2.29)

Recalling that β0 > 0, we see that each term on the left-hand side in nonnegative.
This equality then provides a formal proof of uniqueness in case z > 0. By Korn’s
inequality [3, pp. 110–113] the first integral on the left-hand side of (2.29) controls
all the second derivatives of W in L2(D). This suggests a proof of existence in a
suitable function space. In the following section we shall, in fact, prove existence
for z > 0, and uniqueness for any complex z with Re z ≥ 0,

3. Existence (z > 0) and uniqueness (Re z ≥ 0)

The Lax-Milgram theorem does not seem to provide a convenient framework
for proving existence for the system (2.15)–(2.20). We shall instead use a duality
argument.

We suppose for now that z is a positive real number.
Denote by A the class of all smooth pairs (W,F ) compactly supported in D away

from the origin and satisfying the boundary conditions (2.16)–(2.20). To each pair
(W,F ) in A we associate a function µ by (2.15).

Lemma 3.1. The set of functions µ is dense in H−4(D).

Proof. Suppose the assertion is not true. Then there exists a ϕ in H4(D) such that

ϕ 6≡ 0 and

∫
D

ϕµ = 0 ∀(W,F ) ∈ A,(3.1)

where the integral is understood by the duality between H4 and H−4. Since µ is
smooth, we can rewrite the last equation in the form∫

D

(z∆W −∆2W )ϕ = 0.(3.2)



TIME-DEPENDENT COATING FLOWS IN A STRIP 2989

If we integrate by parts we obtain boundary integrals, on y = 1,

∞∫
−∞

∂

∂y
(∆W ) · ϕ

∣∣∣∣∣∣
y=1

dx+

∞∫
−∞

(∆W )
∂ϕ

∂y

∣∣∣∣∣∣∣
y=1

dx,

and other integrals either over D or over y = 0. The only restrictions on W at
y = 1 are

∂W

∂x
= 0 and

∂W

∂y
= 0.

We can therefore choose W such that

W =
c(x)

2
(y − 1)2 +

d(x)

6
(y − 1)3 near y = 1,

where c(x), d(x) are arbitrary, and truncate W appropriately, away from y = 1.

Since ∆W = c(x),
∂

∂y
∆W = d(x) at y = 1 and c(x), d(x) are arbitrary, we

deduce that

ϕ =
∂ϕ

∂y
= 0 at y = 1, x ∈ R.(3.3)

Similarly,

ϕ =
∂ϕ

∂y
= 0 at y = 0, x > 0.(3.4)

From the arbitrariness of W in D we also deduce that

z∆ϕ−∆2ϕ = 0 in D.(3.5)

Next we proceed to identify the boundary conditions for ϕ on y = 0, x < 0.
Integrating by parts in (3.2) and using (3.3)–(3.5), we get

−
0∫

−∞

[
z
∂W

∂y
− ∂

∂y
(∆W )

]
ϕdx +

0∫
−∞

[
zW

∂ϕ

∂y
−∆W · ∂ϕ

∂y

]
dx

+

0∫
−∞

∂W

∂y
∆ϕdx−

0∫
−∞

W
∂

∂y
(∆ϕ)dx = 0,

(3.6)

where all the integrands are evaluated at y = 0. We shall take W such that

W (x, y) = a(x) + b(x)y +
c(x)

2
y2 +

d(x)

6
y3 for y near 0, x < 0,(3.7)

and F, a, b, c, d are compactly supported away from the origin. In order for (W,F )
to belong to A we need to impose the following boundary conditions at y = 0,
x < 0:

zF (x) + β0
∂F

∂x
− ∂a

∂x
= 0,(3.8)

3
∂2b

∂x2
+ d(x) + σ

∂3F

∂x3
− zb(x) = 0,(3.9)

∂2a

∂x2
− c(x) = 0.(3.10)
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These equations are satisfied if we choose F (x) and b(x) arbitrary functions, and
a, c, d such that

∂a

∂x
= zF (x) + β0

∂F

∂x
, a(0) = 0,(3.11)

c(x) =
∂2a

∂x2
= z

∂F

∂x
+ β0

∂2F

∂x2
,(3.12)

d(x) = zb(x)− σ
∂3F

∂x3
− 3

∂2b

∂x2
.(3.13)

If we choose F and b compactly supported away from the origin and
∫ 0

−∞ F (x)dx
= 0, then the the functions a, c and d are also compactly supported away from the
origin.

Substituting (3.7) into (3.6), we obtain

0∫
−∞

[
zb(x)−

(
∂2b

∂x2
+ d(x)

)]
ϕ(x, 0)dx

+

0∫
−∞

[
za(x)−

(
∂2a

∂x2
+ c(x)

)]
∂ϕ

∂y
(x, 0)dx

+

0∫
−∞

b(x)∆ϕ(x, 0)dx −
0∫

−∞
a(x)

∂

∂y
∆ϕ(x, 0)dx = 0

or, by (3.9), (3.10),

−
0∫

−∞

[
2
∂2b

∂x2
+ σ

∂3F

∂x3

]
ϕ(x, 0)dx +

0∫
−∞

b(x)∆ϕ(x, 0)dx

+

b∫
−∞

[
za(x)− 2

∂2a

∂x2

]
∂ϕ(x, 0)

∂y
dx−

0∫
−∞

a(x)
∂

∂y
∆ϕ(x, 0)dx = 0.

(3.14)

Choose first F = 0; then a = c = 0 (by (3.11), (3.12)), so that (3.14) reduces,
after integration by parts, to

−2

0∫
−∞

b(x)
∂2ϕ(x, 0)

∂x2
dx+

0∫
−∞

b(x)∆ϕ(x, 0)dx = 0.

Since b(x) is arbitrary, we find that

∂2ϕ

∂y2
− ∂2ϕ

∂x2
= 0 for y = 0, x < 0.(3.15)

Next we choose b(x) = 0 in (3.14), and integrate by parts to obtain

σ

0∫
−∞

F (x)
∂3ϕ

∂x3
(x, 0)dx+

0∫
−∞

a(x)

[
z
∂ϕ

∂y
− ∂3ϕ

∂x3
− 3

∂3ϕ

∂x2∂y

]
(x, 0)dx = 0.

(3.16)
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We define a function H(x) by

zH − β0
∂H

∂x
=
∂ϕ

∂x
for x < 0, H(0) = 0.(3.17)

Then

0∫
−∞

F (x)
∂3ϕ(x, 0)

∂x3
dx =

0∫
−∞

F (x)

(
z
∂2H

∂x2
− β0

∂3H

∂x3

)
dx

=

0∫
−∞

(
zF (x) + β0

∂F

∂x

)
∂2H

∂x2
dx (by integration by parts)

= −
0∫

−∞
a(x)

∂3H

∂x3
dx (by (3.11) and integration by parts).

Substituting this into (3.16), we conclude that

−σ
0∫

−∞
a(x)

∂3H

∂x3
dx+

0∫
−∞

a(x)[z
∂ϕ

∂y
− ∂3ϕ

∂y3
− 3

∂3ϕ

∂x2∂y
](x, 0)dx = 0.

Since a is determined by (3.11) whereas F is arbitrary subject to
∫ 0

−∞ F = 0, for

any −∞ < x0 < 0 and small ε > 0 we can choose F such that a(x) is uniformly
bounded if |x− x0| > ε and a(x) ≈ δ(x − x0) if |x − x0| < ε, where δ is the Dirac
function. It then follows, from the last equation, that

z
∂ϕ

∂y
− ∂3ϕ

∂y3
− 3

∂3ϕ

∂x2∂y
− σ

∂3H

∂x3
= 0 for y = 0, x < 0.(3.18)

Having proved that ϕ and H satisfy (3.5) and the boundary conditions (3.3),
(3.4) and (3.15), (3.17), (3.18), we can proceed to derive the energy equality, as
in §2. The fact that ϕ ∈ H4(D) provides the “appropriate decay” of ϕ at the
origin and at x = ±∞ which is needed to justify the various integrations by parts.
The only difference is that β0 is now replaced by −β0, so that the energy equality
becomes ∫

D

[(
∂2ϕ

∂x2
− ∂2ϕ

∂y2

)2

+ 4

(
∂2ϕ

∂x∂y

)2
]

+ z

∫
D

|∇ϕ|2

+σz

0∫
−∞

(
∂H

∂x

)2
∣∣∣∣∣
y=0

dx− 1

2
σβ0

(
∂H(0)

∂x

)2

= 0.

(3.19)

The asymptotic behavior of ϕ as r → 0 depends on the highest derivatives of ϕ
in the boundary conditions. Thus, in view of (3.17), the effect of σ(∂3H/∂x3) in

(3.18) is the same as that of − σ

β0
(∂3ϕ/∂x3). But then the principal part in this

boundary condition coincides with that of the corresponding stationary problem
studied in [6]. We can therefore apply (as in [6]) the results of [5, §6] to deduce an
asymptotic behavior of ϕ near the origin. Since ϕ ∈ H4(D), the first term in the



2992 AVNER FRIEDMAN AND JUAN J. L. VELÁZQUEZ

asymptotic expansion is const.r5/2. It follows that

|ϕ| ≤ Cr5/2, so that (by (3.17)) |H | ≤ Cr3/2 and
∂H(0)

∂x
= 0.

Therefore we deduce from (3.19) that ϕ ≡ 0, which is a contradiction to (3.1).

We need an improvement of Lemma 3.1:

Lemma 3.2. The set of functions µ is dense in H−2(D).

Proof. We proceed as before to derive a contradiction to (3.1) with ϕ ∈ H2(D), ϕ 6≡
0. First we derive the elliptic equation (3.5) and the boundary conditions (3.3),
(3.4) in a weak sense, as before. By elliptic theory [9] it then follows that ϕ is a
smooth solution in D, satisfying the boundary conditions at y = 1 in the classical
sense. The same is true of the boundary conditions at {y = 0, x > 0}. As for
{y = 0, x < 0}, using (3.17) we can formally write the boundary condition (3.18)
in the form

∂3ϕ

∂y3
+ 3

∂3ϕ

∂x2∂y
− σ

β0

∂3ϕ

∂x3
= A, where

A = z
∂ϕ

∂y
− σz

β2
0

−∂2ϕ

∂x2
− z

β0

∂ϕ

∂x
+

z

β2
0

0∫
x

ez(x−ξ)/β0ϕ(ξ)dξ

 .(3.20)

Equation (3.5) with the boundary conditions (3.15), (3.20) (for a given A) form a
coercive elliptic boundary value problem at y = 0, x < 0. Viewing the term A as an
inhomogeneous boundary term and using elliptic regularity for solutions satisfying
the boundary conditions is a weak sense [9], we can bootstrap the regularity of ϕ,
away from the origin, to H4; thus, for any ball Bε of radius ε and center at the
origin, ϕ ∈ H4(D\Bε).

Near the origin we use the fact that ϕ ∈ H2(D) to deduce, by [5, §5], the
asymptotic behavior

ϕ ∼ A0r
3/2.

Hence by (3.17), H(x) ∼ A1(−x)3/2 and H ′(0) = 0.
We can now proceed, precisely as in the proof of Lemma 3.1, to derive the energy

equality (3.19) and to deduce that ϕ ≡ 0, which is a contradiction.

Consider the mapping:

A 3 (W,F ) → z∆W −∆2W = µ ∈ H−2(D),

and set TW = µ. Then, for any ε > 0,

|
∫
D

µW | ≤ ‖µ‖H−2(D)‖W‖H2(D) ≤ ε‖W‖H2(D) + Cε‖µ‖H−2(D).

(3.21)

We need to use Korn’s inequality [3, pp. 110–113], which is valid in Rn
+ =

{x = (x1, ..., xn) ∈ Rn, xn > 0} for all v = (v1, ..., vn) with vi ∈ H1(Rn
+):∫

Rn+

n∑
i,j=1

(
∂vi
∂xj

)2

≤ C

∫
Rn+

n∑
i,j=1

(
∂vi
∂xj

+
∂vj
∂xi

)2

+ c

∫
Rn+

n∑
i=1

v2
i .
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Applying this to ṽi(x) = vi(Rx) we get the same inequality for v(x) with c replaced
by c/R2, and letting R→∞ we conclude that Korn’s inequality holds with c = 0.
We can apply this inequality for n = 2 and v1 = −∂W/∂y, v2 = ∂W/∂x, after
extending v1 and v2 by zero to y > 1 (recall that v1 = v2 = 0 on y = 1 − 0, by
(2.16)). We then get∫

D

[(
∂2W

∂x2
− ∂2W

∂y2

)2

+ 4

(
∂2W

∂x∂y

)2
]
≥ 1

C

∫
D

|∇2W |2.

Observe that sinceWx(x, 1) ≡ 0 andW (x, y) = 0 if |x| is large, we haveW (x, 1) ≡ 0.
Hence ∫

D

W 2 ≤ C1

∫
D

|∇W |2.

Next, by integration by parts we deduce the energy equality (2.29). Since z > 0,
from the last two estimates and from (2.29) we conclude that

‖W‖H2(D) ≤ C|
∫
D

µW |.

Combining this with (3.21), it follows that

‖W‖H2(D) ≤ C‖µ‖H−2(D),

i.e.,

‖W‖H2(D) ≤ C‖TW‖H−2(D).(3.22)

Now, by Lemma 3.2, the range of T is dense in H−2(D). Hence for any µ ∈
H2(D) there is a sequence (Wm, Fm) such that µm ≡ TWm is convergent to µ in
H−2(D). From (3.22) it follows that

‖Wm −W‖H2(D) → 0

for some function W in H2(D), and from (2.18) and a trace theorem we then easily
deduce that also

‖Fm − F‖H3/2 → 0 for some F in H3/2,

where H3/2 is taken over the interval {−∞ < x < 0}. It follows that (W,F ) is
a “weak solution” of (2.15)–(2.20) in the sense that the boundary conditions are
satisfied in the distribution sense (or, more precisely, in the appropriateH−p space).

If, in particular, µ ∈ L2(D), then, by elliptic regularity [9] (as in the proof of
Lemmas 3.1, 3.2), W belongs to H4(D\Bε) for any ball Bε of radius ε and center
at the origin. If further µ ∈ Hm(D) (or µ ∈ Cm+α(D)), then W ∈ Hm+4(D) (or
W ∈ Cm+4+α(D\Bε), by [1]).

We summarize:

Theorem 3.3. Suppose z > 0. Then for any µ ∈ L2(D) there exists a solution
(W,F ) of (2.15)–(2.20) with W ∈ H2(D) and W ∈ H4(D\Bε) for any ε > 0. The
solution satisfies the boundary conditions (2.16)–(2.20) in the trace class sense. If,
further, µ ∈ Hm(D) (or µ ∈ Cm+α(D), 0 < α < 1) then W belongs to Hm+4(D\Bε)
(or W ∈ Cm+4+α(D\Bε)) for any ε > 0.

We next state a uniqueness result.
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Theorem 3.4. If Re z ≥ 0 then there exists at most one solution (W,F ) of (2.15)–
(2.20) with W in H2(D)∩H4(D\Bε) for any ε > 0, satisfying the boundary condi-
tions (2.16)–(2.20) in the trace class sense.

Proof. Suppose (W1, F1) and (W2, F2) are two solutions, and set W = W1 −W2,
F = F1 − F2. Then ∫

D

W (z∆W −∆2W ) = 0.

Integrating by parts as in the case z > 0 and taking the real part, we end up with
the relation ∫

D

[∣∣∣∣∂2W

∂x2
− ∂2W

∂y2

∣∣∣∣2 + 4

∣∣∣∣ ∂2W

∂x∂y

∣∣∣∣2
]

+ (Re z)

∫
D

|∇W |2

+σ(Re z)

0∫
−∞

∣∣∣∣∂F∂x
∣∣∣∣2dx+

1

2
σβ0

∣∣∣∣∂F (0)

∂x

∣∣∣∣2 = 0,

from which the assertion readily follows.

4. A priori estimates for elliptic systems in R2
+

Most of this section deals with the Dirichlet problem

z∆W −∆2W = µ(x, y) in R2
+,(4.1)

W (x, 0) = 0, Wy(x, 0) = 0 if x ∈ R,(4.2)

where

Re z ≥ 0, z 6= 0 ;(4.3)

at the end of this section we shall quote a result from [7] concerning an elliptic
system in R2

+ with “strange” boundary conditions.
We assume that

W (x, y) = 0 if |x|+ |y| > 2,(4.4)

and wish to estimate the derivatives of W by a norm of µ which degenerates at
y = 0; the norm will depend on the parameter |z|.

To define this norm we divide the set R2
+ ∩ {|x| < 2, |y| < 2} into a sequence of

squares

{j ≤ x ≤ j + 1, 1 ≤ y ≤ 2} ,
{
j

2
≤ x ≤ j + 1

2
,
1

2
≤ y ≤ 1

}
,{

j

2l+1
≤ x ≤ j + 1

2l+1
,

1

2l+1
≤ y ≤ 1

2l

}
and {

j

2l+1
≤ x ≤ j + 1

2l+1
, 0 ≤ y ≤ 1

2l+1

}
,

where j = 0,±1,±2, . . . and l is such that

1

2l
≈ 1

|z|1/2 , provided |z| > 1 .
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We denote these squares by Qn, their centers by qn and their diameters by dn.
Clearly

dn ≈ dist (qn, {y = 0}) .
We define

‖µ‖X2 = sup
n

dn
∫−
Qn

|µ(x, y)|2dxdy
1/2


provided |z| > 1. If |z| ≤ 1 then we denote the rectangle R2

+ ∩ {|x| < 2, |y| < 2}
by Q1 and set

‖µ‖X2 =

 ∫
Q1

|µ(x, y)|2dxdy
1/2

≡ ‖µ‖L2 .

Lemma 4.1. There exists a positive constant C0 such that, for any pair (W,µ)
satisfying (4.1)–(4.4), the following estimates hold:

∞∫
−∞

dx

∞∫
1/4

dy
[|∇4W |2 + |z|2|∇2W |2]


1/2

≤ C0‖µ‖X2 ,(4.5)

sup
n

dn
[( ∫

−
Qn

|∇4W |2
)1/2

+ |z|
( ∫
−
Qn

|∇2W |2
)1/2] ≤ C0‖µ‖X2 .

(4.6)

Proof. If |z| ≤ C1 for a fixed constant C1, then (4.5), (4.6) follow from standard
elliptic estimates [1], [2]. Thus it is enough to consider the case where |z| is large.

To prove (4.5) we introduce a cutoff function η(y) such that

η(y) =


0 if y <

1

4
,

1 if y >
3

8
,

and set

µ1 = ηµ, µ2 = (1− η)µ .

We also introduce the Green function Z(x, y, ξ) (x ∈ R, y > 0, ξ > 0) for (4.1),
(4.2); it satisfies, for each ξ,

z∆X −∆2Z = δ(x)δ(y − ξ) in R2
+ ,

Z(x, 0, ξ) = 0 , Zy(x, 0, ξ) = 0 for x ∈ R .
(4.7)

We can write W = W1 +W2, where

Wj(x, y) =

∫
R2

+

Z(x− λ, y, ξ)µj(λ, ξ)dλdξ .(4.8)

Set

ω =
z

|z| , R = |z|1/2 .
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According to [7, §6]

Z(x, y, ξ) =
1

R2
V (Rx,Ry, θ) (θ = Rξ),(4.9)

where

V (x, y, θ) = ϕ(x, y − θ) + ϕ(x, y + θ)−G1(x, y, θ)− B

π
−G2(x, y, θ) ,

ϕ(x, y) ≡ ϕ(r) =
1

2π

r∫
0

du

u

u∫
0

ξK0(
√
ωξ)dξ, r = (x2 + y2)1/2 ,

(4.10)

B is a constant, K0 is the zero-th order modified Bessel function,

G1(x, y, θ) = 2Γ log θ + ΓΦ(x, y) ,

Γ =
1

2π

∞∫
0

ξK0(
√
ωξ)dξ (constant) ,

Φ(x, y) = −
∞∫

−∞
dk
e−|k|θ

|k|

[√
k2 + ωe−|k|y − |k|e−

√
k2+ω y

√
k2 + ω − |k| eikx − 1

]
,

and, finally,

G2(x, y, θ) = 2

∞∫
−∞

K(x− λ, y)

[
ϕ(λ, θ) − Γ log

√
λ2 + θ2 − B

2π

]
dλ,

where [7, (4.7)]

√
2πK(x, y) =

∞∫
0

eikx
√
k2 + ωe−ky − ke−

√
k2+ω y

√
k2 + ω − k

dk

+

0∫
−∞

eikx
√
k2 + ωeky + ke−

√
k2+ω y

√
k2 + ω + k

dk .

Notice that Φ(x, y) depends on the parameter θ. Notice also that the inequality
in (4.5) involves only derivatives of W , and therefore the constant B/π in (4.10)
will not give any contributions and may thus be dropped; this constant however is
not to be dropped in the formula for G2.

We first estimate the derivatives of W1. The function

ϕ̃(x, y) = ϕ(Rx,Ry)

satisfies

ωR2∆ϕ̃−∆2ϕ̃ = δ(x)δ(y) in R2 .

Using Fourier analysis it is readily seen that the function

W̃ (x, y) =

∫
R2

ϕ̃(x− λ, y − ξ)g(λ, ξ)dλdξ
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satisfies ∫
R2

+

[
|∇4W̃ |2 +R2|∇2W̃ |2

]
≤ C‖g‖2L2(R2) .

Therefore, if we define W1,0 as the contribution to W1 coming from the part

ϕ(x, y − θ) + ϕ(x, y + θ)

of Z in (4.8), then ∫
R2

+

[|∇4W1,0|2 + |z|2|∇2W1,0|2
] ≤ C0‖µ1‖2

X2
.(4.11)

Set x = Rx, y = Ry, θ = Rξ. If y >
1

2
then y >

1

2
R, and from the definition of

K(x, y) we see that

|∇2
(x,y)K| ≤ C

∞∫
−∞

|k|2e−|k|ydk + Ce−γR ≤ C

R3
(γ > 0) ;

similarly

|∇4
(x,y)K| ≤

C

R5
.

Hence

|∇2
(x,y)G2(x, y, θ)| ≤ C

∞∫
−∞

1

R3

∣∣∣∣ϕ(λ, θ) − Γ log
√
λ2 + θ2 − B

2π

∣∣∣∣dλ .
Substituting λ = (u2 − θ2)1/2, we get

|∇2
(x,y)G2| ≤ C

R3

∫
{|u|≥θ}

∣∣∣∣ϕ(u)− Γ log |u| − B

2π

∣∣∣∣ |u|du
(u2 − θ2)1/2

.(4.12)

From [7] we have

∣∣∣∣ϕ(u)− Γ log |u| − B

2π

∣∣∣∣ ≤


C| log |u|| if |u| < 1

2
,

Ce−γ|u| if |u| > 1

2
(γ > 0) .

Therefore, as can easily be seen, the integral in (4.12) is ≤ C and, consequently,

|∇2
(x,y)G2(x, y, θ)| ≤ C

R3
if y ≥ 1

2
R .

In the same way one can derive the estimate

|∇4
(x,y)G2(x, y, θ)| ≤ C

R5
if y ≥ 1

2
R .

Setting

Zj(x, y, ξ) =
1

R2
Gj(Rx,Ry, θ) for j = 1, 2 (θ = Rξ) ,(4.13)

we conclude that

|∇4Z2(x, y, ξ)|+R2|∇2Z2(x, y, ξ)| ≤ C

R
if y ≥ 1

2
.(4.14)
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If we denote by W1,2 the contribution to W1 which comes from Z2, then (4.14)
implies that

∞∫
−∞

dx

∞∫
1/2

dy
[|∇4W1,2|2 + |z|2|∇2W1,2|2

] ≤ C0‖µ1‖2
X2

.(4.15)

Next, by Lemma 5.3 of [7]

|∇j
(x,y)Z1(x, y, ξ)| ≤ C

R2
if |x| ≤ C, 0 ≤ y ≤ C,

1

4
≤ ξ ≤ C,

for 1 ≤ j ≤ 4, where Z1 is defined by (4.13). Hence

|∇4Z1(x, y, ξ)|+R2|∇2Z1(x, y, ξ)| ≤ C if |x| ≤ C, 0 ≤ y ≤ C,
1

4
≤ ξ ≤ C .

It follows that the contribution W1,1 to W1 from the term Z1 satisfies the same
estimate as (4.15). Thus, together with (4.15), we conclude that the same estimate
holds for W1.

We now turn toW2. This term contains the contribution of µ(λ, ξ) for 0 ≤ ξ ≤ 3

8
.

We first estimate the derivatives of

G01(x, y, θ) = ϕ(x, y − θ) + ϕ(x, y + θ)−G1(x, y, θ),(4.16)

where

x = Rx, y = Ry, θ = Rξ .

From the proof of [7, Lemma 5.1] and the fact that y ≥ 1

2
we have∣∣∣∣ ∂∂yΦ(x, y)− 2(θ + y)

x2 + (θ + y)2

∣∣∣∣ ≤ C

R2
+
C

R
e−(Re

√
ω)y

if R ≥ 1 (or, in fact, if R ≥ c0 for some positive constant c0). Integrating in y and
using the initial condition Φ(x, 0) = log(1 + x2/θ2), we obtain

|Φ(x, y)− log
[
x2 + (θ + y)2

]
+ 2 log θ| ≤ Cy

R2
+
Cy

R
e−(Re

√
ω)y .

On the other hand, by [7, §5],

ϕ(r) = Γ log r +
B

2π
+W (r), |W (r)| ≤ Ce−γr (r > 0) .

Recalling (4.16) and the definition of G1, we see that

G01(x, y, θ) =
Γ

2

[
log(x2 + (θ − y)2)− log(x2 + (θ + y)2)

]
+O

(
1

R

)
=

Γ

2
log

x2 + (ξ − y)2

x2 + (ξ + y)2
+O

(
1

R

)
.

(4.17)

We can express the log term in the form

Γ

2
log

(
1− 4ξy

x2 + (ξ + y)2

)
= O

(
ξy

x2 + y2

)
,
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since ξ ≤ 3

8
, y ≥ 1

2
. Setting

Z01(x, y, ξ) =
1

R2
G01(x, y, θ),(4.18)

we then have

|Z01| ≤ C|ξ|
R2

.

Similarly,

|∇j
(x,y)Z01| ≤ C|ξ|

R2+j
(0 ≤ j ≤ 4)

and, in particular,

|∇4Z01(x, y, ξ)|+R2|∇2Z01(x, y, ξ)| ≤ C|ξ| .(4.19)

Notice that

if (λ, ξ) ∈ Qn, then |ξ| ≤ 2dn .

Also,

1

R
≤ Cdn for all n .

Hence, by combining (4.19) with (4.14), we obtain

|∇4Z(x− λ, y, ξ)|+R2|∇2Z(x− λ, y, ξ)| ≤ Cdn

for (x− λ, ξ) in Qn or (by the definitions of the Qn, dn) for (λ, ξ) in Qn. It follows
that

|∇4W2|+R2|∇2W2| ≤ C
∑
n

∫
Qn

dn|µ2(λ, ξ)|dλdξ

≤ C
∑
n

dn|Qn|
( ∫
−
Qn

|µ2|2
)1/2

≤ C
∑
n

|Qn| ‖µ2‖X2 ≤ C‖µ‖X2

if y ≥ 1

2
. Integrating in (x, y) we conclude that (4.5) holds also for W2, and thus

the proof of (4.5) is complete.

To prove (4.6) we take a specific Qj and prove that

dj


(∫
Qj

|∇4W |2
)1/2

+ |z|
(∫
Qj

|∇2W |2
)1/2

 ≤ C0‖µ‖X2 .(4.20)

Denote the center of the square Qj by (xj , yj), so that dj ≈ yj, and take for

simplicity xj = 0. Let Sj be the square |x| < Cdj , 0 ≤ y ≤ 2Cdj , where C is
very large, and denote by XSj the characteristic function of Sj . We break W into
W1 +W2, as in (4.8), where

µ1 = µXSj , µ2 = µ(1−XSj ) .
We wish to estimate W1 in Qj by means of the estimate (4.5). To do that we

introduce scaling:

W̃1(x, y) = W1(djx, djy)
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for x2 + y2 ≤ 4C
2
. Clearly

d2
jz∆W̃1 −∆2W̃1 = d4

jµ1(djx, djy) ≡ µ̃1(x, y) .(4.21)

Setting d̃n = dn/dj , we have

‖µ̃1‖X2 = sup
n
d̃n

( ∫
Q̃n

|µ̃1|2
)1/2

, where Q̃n =
1

dj
Qn ,

or

‖µ̃1‖X2 = sup
n

dn
dj

d4
j

( ∫
Qn

|µ1|2
)1/2

 = d3
j‖µ1‖X2 .(4.22)

The proof of (4.5) does not require that W be compactly supported, only that
the integral representation (by Green’s function) holds with µ compactly supported.

Hence we can apply it to W1. If dj ≥ 2/|z|1/2 then Q̃j lies in {y ≥ 1} and so, by
the proof of (4.5),( ∫

−
Q̃j

|∇4W̃1|2
)1/2

+ d2
j |z|
(∫
−
Q̃j

|∇2W̃1|2
)1/2

≤ C0‖µ̃1‖X2 .(4.23)

On the other hand, if dj ≤ 2/|z|1/2 then d2
j |z| ≈ 1, and we can apply standard

elliptic estimates to (4.21) to deduce (4.23). Scaling back in (4.23) and using (4.22),
we obtain

d4
j


(∫
−
Qj

|∇4W1|2
)1/2

+ |z|
(∫
−
Qj

|∇2W1|2
)1/2

 ≤ C0d
3
j‖µ1‖X2 ,

and (4.20) follows for W1.
To prove (4.20) for W2 we first consider the contribution to W2 coming from

W22(x, y) ≡
∫

R2
+

Z2(x− λ, y, ξ)µ2(λ, ξ)dλdξ,

where

Z2(x, y, ξ) =
1

R2
G2(x, y, θ)

and x = Rx, y = Ry, θ = Rξ, R = |z|1/2 ≥ 1. Note that if (x, y) ∈ Qj and
(λ, ξ) ∈ supµ2, then

(|x− λ|2 + ξ2)1/2 ≈ (λ2 + ξ2)1/2 > Cdj , y ≤ η0dj (η0 = 2),

and η0/C � 1. Hence we can apply Lemma 6.1 of [7] to deduce that

|∇4Z2(x− λ, y, ξ)|+R2|∇2Z2(x− λ, y, ξ)| ≤ C

R3ρ5
+

C

R3ρ3
,
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where ρ = (λ2 + ξ2)1/2. It follows that

|∇4W22|+R2|∇2W22| ≤ C

R

∫
B+

2 \B+
2dj

|µ2(λ, ξ)|
ρ3

+
C

R3

∫
B+

2 \B+
2dj

|µ2(λ, ξ)|
ρ5

≡ I1 + I2

(4.24)

in Qj , where B+
γ = {λ2 + ξ2 < γ2, ξ > 0}.

Next we evaluate

I1 ≤ C

R

∑
Qn⊂B+

2 \B+
dj

(
sup

1

ρ3

) ∫
Qn

|µ2|

≤ C

R

∑
Qn⊂B+

2 \B+
dj

(
sup

1

ρ3

)
1

dn
|Qn| ‖µ2‖X2 .

Since dn ≥ 1

2
(|λ|+ 1/R) if (λ, ξ) ∈ Qn, we obtain

I1 ≤ C

R
‖µ‖X2

∫
B+

2 \B+
dj

1

|λ|3 + |ξ|3
dλdξ

|λ|+ 1/R
.

Substituting (λ, ξ) = dj(u, v), we get

I1 ≤ C‖µ‖X2

∫
B+

2/dj
\B+

1

d2
j

d3
j(|u|3 + |v|3)

dudv

Rdj|u|+ 1

≤ C

dj
‖µ‖X2

∫
B+

2/dj
\B+

1

1

|u|3 + |v|3
dudv

|u|+ 1
(since Rdj ≥ 1)

≤ C

dj
‖µ‖X2 .

Similarly we find that

I2 ≤ C

dj
‖µ‖X2

1

R2d2
j

≤ C

dj
‖µ‖X2 ,

so that

|∇4W2,2|+R2|∇2W2,2| ≤ C

dj
‖µ‖X2 in Qj .

Averaging over Qj , we obtain the estimate (4.6) for W2,2.
It remains to estimate the contribution to W2 coming from

W2,10(x, y) ≡
∫

R2
+

Z01(x− λ, y, ξ)µ2(λ, ξ)dλdξ,

where Z01 is defined in (4.18). Using (4.17) we can derive, for (x, y) ∈ Qj and
(λ, ξ) ∈ supµ, the estimate

|∇iZ01(x− λ, y, ξ)| ≤ C

R2

|ξ|+ 1/R

ρi+1
, ρ = (λ2 + ξ2)1/2,
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where the term 1/R (occurring in |ξ| + 1/R) is introduced in order to bound the
derivatives ∇j of the O(1/R) terms in (4.17). We conclude that∫

Qj

|∇4W2,10|2 +R2

(∫
Qj

|∇2W2,10|2
)1/2

≤ C

∫
B+

2 \B+
2dj

( |ξ|+ 1/R

ρ3
+
|ξ|+ 1/R

ξ5R2

)
|µ2| .

Decomposing B+
2 \B+

2dj
into squares Qk and proceeding as in the estimates for I1

and I2 above, we find that the right-hand side is bounded by C‖µ‖X2/dj , so that
(4.6) holds also for W2,10. This completes the proof of (4.6) for W2 and thus also
for W .

Lemma 4.2. There exists a positive constant C0 such that for any pair (W,µ)
satisfying (4.1)–(4.4) the following estimate holds:

sup
n

|z|
| log dn|

( ∫
−
Qn

|∇W |2
)1/2

≤ C0‖µ‖X2 .(4.25)

Proof. We represent W in Qn by Green’s function Z (cf. (4.8)):

W (x, y) =

∫
R2

+

Z(x− λ, y, ξ)µ(λ, ξ)dλdξ

and then, by differentiating and using (4.9),

∇W (x, y) =
1

R

∫
R2

+

(∇V )(R(x− λ), Ry,Rξ) · µ(λ, ξ)dλdξ,

where R = |z|1/2 and ∇V = ∇(x,y)V . Scaling

x = dnx̃, y = dnỹ

(we assume for simplicity that the square Qn is centered at the origin) and substi-
tuting

λ = dnu , ξ = dnv ,

we obtain

∇W (x, y) =
d2
n

R

∫
B2/dn(O)∩R2

+

(∇V )(Rdn(x̃− u), Rdnỹ, Rdnv)µ(dnu, dnv)dudv,

(4.26)

where Bρ(O) denotes the disc with radius ρ centered at the origin O. Under the
above scaling the square Qn becomes another square

1

dn
Qn ≡ Q1 .

We shall denote by Q2 the square 2Q1, and break the integral in (4.26) into three

parts: one part over Q2, and the other two parts in accordance with v ≥ 1

4
and
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v ≤ 1

4
. Thus

∇W =

d2
n

R

∫
[(B2/dn(O)∩R2

+)∩{v≤ 1
4}]\Q2

(∇V )(Rdn(x̃− u), Rdnỹ, Rdnv)

·µ(dnu, dnv)dudv

+
d2
n

R

∫
Q2

(∇V )(Rdn(x̃− u), Rdnỹ, Rdnv) · µ(dnu, dnv)dudv

+
d2
n

R

∫
[(B2/dn(O)∩R2

+)∩{v≥ 1
4}]\Q2

(∇V )(Rdn(x̃− u), Rdnỹ, Rdnv)

· µ(dnu, dnv)dudv


≡ I1 + I2 + I3 .

(4.27)

Notice that Rdn ≥ 1.
We claim that

|(∇V )(x, y, θ)| ≤ Cθ

x2 + θ2
if x = Rdn(x̃− u), y = Rdnỹ, θ = Rdnv,

(4.28)

and

(u, v) ∈
[(
B2/dn(O) ∩R2

+

) ∩ {v ≥ 1

4

}
∩Q2

]
.

To prove it we recall the structure of V as given in (4.10). ∇G2 is estimated by
O(1/R2) if ỹ ≥ 1 (the proof is the same for (4.14)) or, more generally, if ỹ ≥ η0 for
any small positive number η0. On the other hand, if ỹ ≤ η0 then we get the same
bound on ∇G2 by using Lemma 6.1 of [7]. The estimates of the remaining terms
of ∇V are obtained by using (6.10), (6.13) of [7] and Lemma 5.1 of [7]. Altogether
we obtain, for the first component of ∇V ,

Γ

2

2x

x2 + (y − θ)2
+

Γ

2

2x

x2 + (y + θ)2
− 2Γ

x

x2 + (y + θ)2
+O

(
1

R2

)
,

where the first two terms come from ϕ and the third one from Φ, from which (4.28)
follows for the first component of ∇V . The second component is estimated in the
same way.

Note that in I3 (x̃− u)2 + v2 ≈ u2 + v2. Using (4.28) we then obtain

|I3| ≤ C
d2
n

R

1

Rdn

∫
Ωn

v

u2 + v2
|µ(dnu, dnv)|dudv,(4.29)

where Ωn is the domain of integration in I3. Set

µ̃(u, v) = µ(dnu, dnv) , Q̃l =
Ql

dn
.
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Then by the change of variables we find that(∫
Q̃l

|µ̃(u, v)|2dudv
)1/2

≤ C

dl
‖µ‖X2 ;(4.30)

obviously also

d̃l ≡ diam (Q̃l) =
dl
dn

.

Breaking up Ωn into squares Q̃l and noting that

1 ≤ d̃l ≤ 1

dn
,

we get

|I3| ≤ Cdn
R2

∑
1≤d̃l≤ 1

dn

( ∫
Q̃l∩Ωn

v2dudv

(u2 + v2)2

)1/2( ∫
Q̃l∩Ωn

|µ̃(u, v)|2dudv
)1/2

≤ C

R2

∑
1≤d̃l≤ 1

dn

( ∫
Q̃l∩Ωn

v2dudv

(u2 + v2)2

)1/2

‖µ‖X2

≤ C

R2
| log dn| ‖µ‖X2 .

(4.31)

We next estimate I2. Observe that I2 = (∇G)(x̃, ỹ), where

ωR2d2
n∆G−∆2G = µ̃XQ2d

2
n

and G = Gỹ = 0 at ỹ = 0. We can proceed as in the proof of (4.20) for W = W1

(in fact G is estimated as W̃1), and so we obtain, similarly to (4.23),

R2d2
n

(∫
Q2

|∇2G|2
)1/2

≤ Cd4
n

dn
‖µ‖X2 ,(4.32)

where (4.30) has also been used. Since ∇G(x̃, 0) = 0, the estimate (4.32) yields, by
integration,

R2d2
n

(∫
Q2

|∇G|2
)1/2

≤ Cd2
n‖µ‖X2 ,

so that ∫−
Q2

|I2|2
1/2

≤ C

R2
‖µ‖X2 .(4.33)

We finally estimate I1. The bound (4.28) remains valid here and, since v ≤ 1

4
,

we get

|I1| ≤ C
d2
n

R

1

Rdn

∫
{|u|≤ 1

dn
, 0≤v≤ 1

4}

v

u2 + v2
|µ̃(u, v)| dudv .
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Roughly,

|µ̃(u, v)| ≤ C

v
‖µ‖X2 ,

from which we get the bound

|I1| ≤ C

R2
dn| log dn| ‖µ‖X2 .(4.34)

One can establish this estimate rigorously by breaking the domain of integration
into squares Ql and using (4.30).

Combining (4.34) with (4.33), (4.29) and (4.27), the estimate (4.25) follows.

We shall need later on an estimate for the solution of the elliptic equation

εz∆W −∆2W = µ(x, y) in R2,(4.35)

where

0 < ε ≤ 1, Re z ≥ 0, z 6= 0,(4.36)

subject to the “strange” boundary conditions at y = 0:

zF + β0
∂F

∂x
− ∂W

∂x
= a(x) ,(4.37)

∂3W

∂x2∂y
+
∂3W

∂y3
+ σ

∂3F

∂x3
− εz

∂W

∂y
= b(x) ,(4.38)

∂2W

∂x2
− ∂2W

∂y2
= c(x) .(4.39)

We introduce the “norms”

‖(a, b, c, µ)‖0 =

{ ∞∫
−∞

dx

∞∫
0

dy|µ(x, y)|2

+

∞∫
−∞

dx
[
|D5/2

x a|2 + |D1/2
x b|2 + |εz|1/2|b|2 + |D3/2

x c|2 + |εz|3/2|c|2
]}1/2

,

(4.40)

|||(W,F )|||0 =


∞∫

−∞
dx

∞∫
0

dy
[|∇4W |2 + |εz|2|∇2W |2]

+

∞∫
−∞

dx
[
|εz|1/2|∇3W (x, 0)|2 + |εz|2|∇3/2W (x, 0)|2 + |εz|3/2|∇2W (x, 0)|2

+|εz|2+1/2 |∂yW (x, 0)|2]+

∞∫
∞
dx
[
|D7/2

x F |2 + |z||D3
xF |2 + |z|2|D5/2

x F |2
]

1/2

.

(4.41)

We shall need a priori estimates under the assumption that

W (x, y) = 0 if x2 + y2 > R2
0(4.42)

for some constant R0.



3006 AVNER FRIEDMAN AND JUAN J. L. VELÁZQUEZ

Lemma 4.3. There exists a constant C0 depending only on R0 such that, for any
solution (W,F ) of (4.35)–(4.39) satisfying (4.42),

|||(W,F )|||0 ≤ C0‖(a, b, c, µ)‖0 .(4.43)

This is precisely Lemma 13.3 of [7], except that here we have added to the
definition of |||(W,F )|||0 the term ∞∫

−∞
dx|D7/2

x F |2dx
1/2

.

The fact that this term may be included, i.e., that this term is bounded by the
right-hand side of (4.43), follows from (13.52) of [7] upon multiplying by |k| and
using the definition (4.40).

5. A priori estimates: localization

Theorem 3.3 asserts the existence of a solution in H2(D) to the linear system
(2.15)–(2.20) in case z > 0; Theorem 3.4 asserts uniqueness in case Re z ≥ 0. The
same results hold for the system (2.1)–(2.6).

We need to establish existence for all complex z with Re z ≥ 0, z 6= 0, and
to derive estimates which depend very precisely on the parameter z and on the
variable (x, y), especially for |z| large and (x, y) near (0, 0).

In this section we shall state these estimates for (2.1)–(2.6); the proof is given in
Sections 6 – 10 and 14, 15.

We introduce a continuous positive function g(R, z) defined for R > 0, |z| ≥ 1
such that g(R, z) = 1 if R > 1 whereas, for R ≤ 1,

1

g(R, z)
=



R
1
2−ε if R >

1

|z|1/2 ,(
1

|z|1/2
)−2ε

R
1
2 +ε if

1

|z| ≤ R ≤ 1

|z|1/2 ,(
1

|z|1/2
)−2ε (

1

|z|
)2ε

|z|R 3
2−ε if R ≤ 1

|z| ,

(5.1)

where ε is any small positive number.
The choice of g(R, z) is made in order to be able to apply Liouville type theorems

[7] for blow-up limits which will appear in the proof of the a priori estimates.
We cover the strip D by regions H1

j , H
2
j and L1

j , L
2
j , L

0
j defined as follows:

L0
j =

{
j ≤ x ≤ j + 2,

1

4
≤ y ≤ 1

}
(j = 0,±1,±2, . . . ) ,

H1
j =

{
−(j + 2) ≤ x ≤ −j, 0 ≤ y ≤ 3

4

}
(j = 1, 2, 3, . . . ) ,

H2
j (j = 1, 2, 3, . . . ) has the form shown in Figure 5.1, and L1

j , L
2
j are the re-

flections of H1
j , H

2
j , respectively, with respect to the y-axis. Here αj , βj , γj , δj are

monotone decreasing in j, γ1 = 1, α1 = β1 = 2 and

jαj , jβj , jγj , jδj
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y

x

(β , δ )

(β , γ )

(–α , 0) (0, 0)(– 1, 0)–

Figure 5.1

are bounded from above and below by positive constants.
The letter “H” in H1

j , H
2
j is to remind us that the boundary conditions (2.4)–

(2.6) on the boundary of H1
j , H

2
j at y = 0 are of high order, whereas the letter

“L” in L0
j , L

1
j , L

2
j is to remind us that the boundary conditions are of low order

(namely, W = ∂yW = 0 on y = 0 and ∂xW = ∂yW = 0 on y = 1).

It will be convenient to denote the collection of regions H1
j , H

2
j by S

(1)
k and the

collection of regions L0
j , L

1
j , L

2
j by S

(2)
k . The collection of S

(1)
k , S

(2)
k will be denoted

briefly by Sk. We shall denote the diameter of any region Sk by Rk; clearly Rk ≤ 3.
We also introduce the intervals

Jk = ∂S
(1)
k ∩ {y = 0}.

In §4 we have partitioned R2
+ ∩ {|x| < 2, |y| < 2} into a (finite) sequence of

rectangles (actually, squares) Qn whose smallest size is ≈ |z|−1/2. Here we shall

need to partition, in a similar manner, each of the regions S
(2)
k with Rk > |z|−1/2.

We begin with L1
j .

We first divide L1
j ∩
{

1

2
· 3

4
≤ y ≤ 3

4

}
into two rectangles by the line x = j + 1.

Next we partition L1
j ∩
{

1

22
· 3

4
≤ y ≤ 1

2
· 3

4

}
into four rectangles by the three lines

x = j +
1

2
, x = j + 1, x = j +

3

2
, etc.

We proceed in this way until we arrive at

L1
j ∩
{

1

2l+1
· 3

4
≤ y ≤ 1

2l
· 3

4

}
, where

1

2l
≈ |z|−1/2,

which we partition into 2l+1 equal rectangles by lines x = j+2i/2l+1 (1 ≤ i ≤ 2l+1).
Finally we partition also

L1
j ∩
{

0 ≤ y ≤ 1

2l+1
· 3

4

}
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into 2l+1 equal rectangles by the same lines x = j + 2i/2l+1.
Similarly we partition L2

j , starting by dividing

L2
j ∩
{

1

2
γj ≤ y ≤ γj

}
into two rectangles, etc. However we ensure that the line y = δj is a partition line:
If

1

2h+1
γj < δj <

1

2h
γj

for some (nonnegative integer) h, then we replace both lines y =
1

2h+1
γj and

y =
1

2h
γj by the line y = δj. Thereafter we continue by partitioning

L2
j ∩
{

1

2
δj ≤ y ≤ δj

}
into 2h+1 equal rectangles, etc. The process ends when we reach, as before, rectan-
gles of size ≈ 1/|z|1/2.

We finally turn to L0
j . Here we take the y-lines to be

y =
1

4
+

1

2
· 3

4
, y =

1

4
+

(
1

2
+

1

22

)
3

4
, . . . ,

y =
1

4
+

(
1

2
+

1

22
+ · · ·+ 1

2l+1

)
3

4
,

where 1/2l+1 ≈ 1/|z|1/2, whereas the x-lines are defined in the same way as for L1
j .

We denote by Qn, or rather by Qkn, the rectangles in the partition of S
(2)
k and

define

qn = qkn = center of Qkn, dn = dkn = diameter of Qkn.

Then dkn ≈ distance from qkn to either {y = 0} in case of L1
j or L2

j) or {y = 1} in

case of L0
j . We define ‖µ‖X2 with respect to S

(2)
k as in §4 and denote it for clarity

by ‖µ‖
X2(S

(2)
k )

; thus

‖µ‖
X2(S

(2)
k )

= sup
n

dkn
 ∫−
Qkn

|µ|2
1/2

 .(5.2)

We also set

‖µ‖
X2

= sup
k

Rk≥|z|−1/2

{
g(Rk, z)R

3
k‖µ‖X2(S

(2)
k )

}

= sup
k

Rk≥|z|−1/2

g(Rk, z)R
3
k sup

n

dkn
 ∫−
Qkn

|µ|2
1/2


 .

(5.3)

We define averages ∫
−
Sk

h =
1

|Sk|
∫
Sk

h,

∫
−
Jk

f =
1

|Jk|
∫
Jk

f.
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To each interval Jk we associate a larger interval Ĵk of length (1 + ε̂)|Jk|, having

the same center, where ε̂ < 1 and ε̂ is small enough so that Ĵk lies in {y = 0,−∞ <
x < 0} and

dist
(
Ĵk, {0}

)
≥ 1

2
dist (Jk, {0}) .

We introduce a cutoff function ξk(x) in Ĵk such that {ξk = 1} contains the
interval Jk and

|∂mx ξk| ≤ C|Jk|−m for 1 ≤ m ≤ 4.

Later on we shall use L2 norms of fractional derivatives:∫−
Ĵk

|∂mx (ξkf)|2dx


1/2 (

m =
i

2
, i = 0, 1, 2, . . . , 7

)

and denote them simply by ∫−
Jk

|∂mx f |2dx
1/2

.

In the system (2.1)–(2.6), we shall refer to the data Q ≡ (a, b, c, µ) as a source,
and introduce the norms

‖Q‖
X1

= ‖(a, b, c, µ)‖
X1

= sup
k

g(Rk, z)

Rk

∫−
Jk

|a(x)|2
1/2

+R
5
2 +1

k

∫−
Jk

|∂5/2
x a|2

1/2

+R3
k

∫−
Jk

|b|2
1/2

+R
3+ 1

2

k

∫−
Jk

|∂1/2
x b|2

1/2

+R
3+ 1

2

k

∫−
Jk

‖z|1/4b|2
1/2

+R2
k

∫−
Jk

|c|2
1/2

+R
2+ 3

2

k

∫−
Jk

|∂3/2
x c|2

1/2

+R
2+ 3

2

k

∫−
Jk

‖z|3/4c|2
1/2

+R4
k

 ∫−
S

(1)
k

|µ|2


1/2

 ,

(5.4)

‖Q‖
X

= ‖Q‖
X1

+ ‖µ‖
X2
.(5.5)
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We next define a norm for the solution (W,F ). It consists of three parts. The

first part involves integrals taken over S
(1)
k and Jk:

‖(W,F )‖
Y1

= max

sup
k

g(Rk, z)

R4
k

(
|z|+ 1

R2
k

) ∫−
S

(1)
k

|∇2W |2


1/2

+R4
k

 ∫−
S

(1)
k

|∇4W |2


1/2

 ,

sup
k

g(Rk, z)

Rk

(
|z|+ 1

Rk

)∫−
Jk

|F − F (0)|2
1/2

+R
7/2
k

∫−
Jk

|∂7/2
x (F − F (0))|2

1/2

 , |z|1/2|F (0)|

 .

(5.6)

The second part of the norm of (W,F ) consists of integrals taken over S
(2)
k with

Rk ≥ |z|−1/2:

‖W‖
Y2

= sup
k

Rk≥|z|−1/2

g(Rk, z) sup
n

Rkd
3
kn

 ∫−
Qkn

|∇4W |2
1/2

+R3
kdkn|z|

 ∫−
Qkn

|∇2W |2
1/2

+|z| R3
k

| log dkn|

 ∫−
Qkn

|∇W |2
1/2


 .

(5.7)

Finally, the third part of the norm of (W,F ) involves integrals over S
(2)
k with

Rk ≤ |z|−1/2:

‖W‖
Y3

= sup
k

Rk≤|z|−1/2

g(Rk, z)

R2
k

 ∫−
S

(2)
k

|∇2W |2


1/2

+R4
k

 ∫−
S

(2)
k

|∇4W |2


1/2

 .

(5.8)

We set

‖(W,F )‖
Y

= ‖(W,F )‖
Y1

+ ‖W‖
Y2

+ ‖W‖
Y3
.(5.9)

We can now state the main a priori estimate:
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Lemma 5.1. If (W,F ) is a solution of (2.1)–(2.6) with Re z ≥ 0, |z| ≥ 2, and if
W ∈ H2(D) and ‖(W,F )‖Y <∞, then

‖(W,F )‖
Y
≤ C|z| ε2+ 1

2 | log |z| | ‖Q‖
X
,(5.10)

where C is a constant independent of z and of the source Q.

Remark 5.1. Since W ∈ H2(D) whereas Wx(x, 1) ≡ 0, we necessarily also have
W (x, 1) ≡ 0.

Structure of the proof. Suppose the lemma is not true. Then there is a sequence

(Qm, Fm,Wm, zm), where Qm = (am, bm, cm, µm),

such that

‖(Wm, Fm)‖
Y
� |zm| ε2+ 1

2 | log |zm| | ‖Qm‖X ,(5.11)

where “�” means that the left-hand side divided by the right-hand side converges
to∞ asm→∞. We wish to derive a contradiction. To do that we may assume that
‖(Wm, Fm)‖Y = 1. We shall then show (i) that the sequence (Wm, Fm) (or a scaled
version of it) converges in some weak norm to a solution (ϕ, f) of a homogeneous
elliptic system whose only solution is zero, and (ii) that the sequence (Wm, Fm)
actually converges to zero in the stronger norm ‖(Wm, Fm)‖

Y
.

Consider first the situation where

‖(Wm, Fm)‖
Y1

is the dominant term in ‖(W,F )‖
Y
,(5.12)

i.e.

‖(Wm, Fm)‖
Y1
/
[
‖Wm‖Y2

+ ‖Wm‖Y3

]
→∞ as m→∞ .

We subdivide it into three cases:

sup
k

g(Rk, zm)

R4
k

(
|zm|+ 1

R2
k

) ∫−
S

(1)
k

|∇2Wm|2


1/2

+R4
k

 ∫−
S

(1)
k

|∇4Wm|2


1/2



≥ c‖(Wm, Fm)‖
Y

(5.13)

for some positive constant c ;

|zm|1/2|Fm(0)| ≥ c‖(Wm, Fm)‖
Y
,(5.14)

where c is some positive constant; and
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both (5.13) and (5.14) do not hold, so that

sup
k

g(Rk, zm)

Rk

(
|zm|+ 1

Rk

)∫−
Jk

|Fm − Fm(0)|2
1/2

+R
7/2
k

∫−
Jk

|∂7/2
x (Fm − Fm(0))|2

1/2

 ≥ c‖(Wm, Fm)‖

Y
,

(5.15)

where c is a positive constant and, in addition,

[LHS of (5.15)] �
{
[LHS of (5.13)] + |zm|1/2|Fm(0)|

}
,(5.16)

where LHS means left-hand side.
In addition to the case where (5.12) holds we also need to consider the cases

where either ‖Wm‖Y2
or ‖Wm‖Y3

is the dominant term, i.e.,

sup
k

Rk≥|z|−1/2

g(Rk, zm) sup
n

Rkd
3
kn

 ∫−
Qkn

|∇4Wm|2
1/2

+R3
kdkn|zm|

 ∫−
Qkn

|∇2Wm|2
1/2

+|zm| R3
k

| log dkn|

 ∫−
Qkn

|∇Wm|2
1/2


 ≥ c‖(Wm, Fm)‖

Y

(5.17)

or

sup
k

Rk≤|z|−1/2

g(Rk, zm)

R2
k

 ∫−
S

(2)
k

|∇2Wm|2


1/2

+R4
k

 ∫−
S

(2)
k

|∇4Wm|2


1/2

 ≥ c‖(Wm, Fm)‖

Y
,

(5.18)

where c is a positive constant.
In each of the above cases we may assume that the “sup

k
” is attained at some

k = km; for if the supremum is not attained, we simply choose k = km such

that it realizes a value larger than, say,
1

2
sup
k

, and this will not change any of the

subsequent arguments.
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In all the cases where

lim sup
m→∞

Rkm |zm|1/2 <∞(5.19)

we can derive a contradiction by reducing the situation (sometimes after using
a blow-up argument) to a uniqueness statement and then apply a Liouville type
theorem (such as one of the theorems established in [7]). However in the case

Rkm |zm|1/2 →∞(5.20)

we do not have uniqueness. This case requires a much more refined analysis which
involves deriving uniform estimates for the sequence (Wm, Fm) for all largem. This
additional analysis will be given in Sections 14, 15.

For simplicity we shall first consider the case

Rkm ≈ 1;(5.21)

this is carried out in §§6,7 (and, partially, in the Appendix). The case Rkm → 0 is
analyzed in §§8–10; we shall consider there separately the cases

Rkm |zm| →


0,

finite number 6= 0,

∞ ,

and the last subcase will further be subdivided according to whether R2
km
|zm| → ∞,

0 or a finite number ω 6= 0.

Remark 5.2. In analyzing the various cases which occur in the proof of Lemma 5.1
we shall not always require the full strength of (5.11). In some cases it will suffice
to assume only that

‖(Wm, Fm)‖
Y
� |zm| ε2 | log |zm| | ‖Qm‖X ,(5.22)

or even just that

‖(Wm, Fm)‖
Y
� ‖Qm‖X ,(5.23)

in order to derive a contradiction.

6. The case Rkm ≈ 1 with (5.13)

We divide this case into two subcases:

g(Rkm , zm)R4
km

 ∫
−

S
(1)
km

|∇4Wm|2


1/2

≥ sup
k

g(Rk, zm)R4
k

(
|zm|+ 1

R2
k

) ∫−
S

(1)
k

|∇2Wm|2


1/2
 ,

(6.1)
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and

sup
k

g(Rk, zm)R4
k

 ∫−
S

(1)
k

|∇4Wm|2


1/2


≤ 2g(Rkm , zm)R4
km

(
|zm|+ 1

R2
km

) ∫
−

S
(1)
km

|∇2Wm|2


1/2

.

(6.2)

Since |zm| ≥ 2 and Rkm ≈ 1, these subcases reduce to ∫
−

S
(1)
km

|∇4Wm|2


1/2

≥ c

 ∫
−

S
(1)
km

|∇2Wm|2


1/2

(6.3)

and  ∫
−

S
(1)
km

|∇4Wm|2


1/2

≤ C

 ∫
−

S
(1)
km

|∇2Wm|2


1/2

,(6.4)

respectively, when c and C are positive constants. We shall first consider the case
(6.3)

We may assume that either

|zm| → ∞,(6.5)

or

zm → z∗ (z∗ finite, |z∗| ≥ 2),(6.6)

and consider first the case (6.5). Introduce the functions

W̃m =
Wm ∫

−
S

(1)
km

|∇4Wm|2


1/2

, F̃m =
Fm ∫

−
S

(1)
km

|∇4Wm|2


1/2

(6.7)

and the sources

Q̃m = (ãm, b̃m, c̃m, µ̃m),

where

Q̃m =
Qm ∫

−
S

(1)
km

|∇4Wm|2


1/2

.
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Then  ∫
−

S
(1)
km

|∇4W̃m|2


1/2

= 1(6.8)

and  ∫
−

S
(1)
km

|∇2W̃m|2


1/2

≤ 1

|zm| .(6.9)

Further,

zm∆W̃m −∆2W̃m = µ̃m in D(6.10)

and, by (5.23), ∫
S

(1)
km

|µ̃m|2 → 0.(6.11)

The functions W̃m, F̃m satisfy (2.2)–(2.6) with a = ãm, b = b̃m, c = c̃m.
By the definition of ‖Qm‖X and (5.23),

∫
−

Jkm

|ãm(x)|2 → 0,

∫
−

Jkm

|∂5/2
x ãm|2 → 0,

∫
−
Jkm

|∂1/2
x b̃m|2 → 0,

|zm|1/2
∫
−

Jkm

|̃bm|2 → 0,

∫
−

Jkm

|c̃m|2 → 0,∫
−
Jkm

|∂3/2
x c̃m|2 → 0, |zm|3/2

∫
−
Jkm

|c̃m|2 → 0.

(6.12)

Multiplying (6.10) by a function ϕ ∈ C∞0 (D) and integrating, we get∫
(zmW̃m∆ϕ− W̃m∆2ϕ) =

∫
µ̃mϕ.(6.13)

Now, since

‖W̃m‖Y2
≤ C,

we have, for any S
(2)
k of the form L0

j , ∫−
Qkn

|zm∇W̃m|2
1/2

≤ C| log dkn|.

Recalling (by Remark 5.1) that W̃m(x, 1) = 0, we deduce that ∫−
Qkn

|zmW̃m|2
1/2

≤ Cdkn| log dkn|,(6.14)
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i.e.,

|zmW̃m(x, y)| ≤ C(1− y)| log(1 − y)|
in average. A similar estimate can be derived with respect to the L1

j , yielding

|zmW̃m(x, y)| ≤ Cε0y| log y|
in average, for x ≥ ε0 (ε0 any small positive number).

Consider first the special case where

all the S
(1)
km

coincide with a specific S
(1)
j0
.(6.15)

Using the above estimate and the estimates on the L2-norms of ∇2W̃m which follow

from the fact that ‖(W̃m, F̃m)‖
Y
≤ C, we find that

zmW̃m → G weakly in H2(D0),

zmW̃m → G strongly in H3/2(D0)
(6.16)

for any compact domain D0 in D ∪ {(x, 0);x < 0}. Taking m → ∞ in (6.13) we
find that

∆G = 0 in D.

Further, G is uniformly bounded away from the origin,

G(x, 1) = 0 if −∞ < x <∞,

G(x, 0) = 0 if 0 < x <∞,

and, by the argument in [7, §7] which leads to [7, (7.12)],

Gy(x, 0) = 0 if x < 0.

We also have the estimate

R4
k

 ∫−
S

(1)
k

|∇2G|2


1/2

+R3
kdkn

 ∫−
S

(2)
k

|∇2G|2


1/2

≤ CR
1
2−ε
k(6.17)

for all the S
(1)
k , S

(2)
k near the origin. This estimate implies that G has the expansion

G(x, y) = Ar−3/2 sin
3θ

2
+Br−1/2 sin

θ

2
+O(r1/2)(6.18)

near the origin.
Let G0 and G1 be the bounded harmonic functions in D satisfying

G0 = 0 if y = 1 or y = 0, x > 0,

∂yG0 = 0 if y = 0, x < 0,

G0 = r−3/2 sin
3θ

2
+ o(1) if r → 0

and

G1 = 0 if y = 1 or y = 0, x > 0,

∂yG1 = 0 if y = 0, x < 0,

G1 = r−1/2 sin
θ

2
+ o(1) if r → 0.
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By comparing Gi with

ε log(x2 + y2) +A(2y − y2)c−
√

2x for x > 1

and with

ε log(x2 + y2) +A(2(y + 1)− (y + 1)2)e
√

2x for x < −1

with A a sufficiently large constant and ε an arbitrarily small positive constant, we
find that

G0 → 0, G1 → 0 exponentially fast, as |x| → ∞.

By the maximum principle,

G−AG0 −BG1 = 0.(6.19)

Lemma 6.1. A = 0 and B = 0, so that G ≡ 0.

The proof is given in §§14,15.

Remark 6.1. The proof of Lemma 6.1 requires the full use of the inequality (5.11).

From (6.16) and Lemma 6.1 it follows that

|zm|

 ∫
−

S
(1)
km

|∇jW̃m|2


1/2

→ 0

(
j = 0, 1,

3

2

)
.(6.20)

Introduce a cutoff function η in S
(1)
km

such that η = 0 in some ε1-neighborhood

of ∂S
(1)
km

∩ {y > 0}, η = 1 outside a (2ε1)-neighborhood of ∂S
(1)
km
∩ {y > 0}, and

∂jη

∂yi
= 0 on y = 0,−∞ < x < 0 (1 ≤ j ≤ 3).(6.21)

Define

Ŵm = ηW̃m.(6.22)

Then

zm∆Ŵm −∆2Ŵm = µ̂m in D,(6.23)

where

µ̂m = ηµ̃m + Ĥ(∂3W̃m, ∂
2W̃m, ∂W̃m, W̃m, zm∂W̃m, zmW̃m)

and Ĥ is a linear function of the indicated variables. By interpolation, for any
ε > 0,

‖∂3W̃m‖L2(S
(1)
km

)
≤ ε‖∇4W̃m‖L2(S

(1)
km

)
+ Cε‖W̃m‖L2(S

(1)
km

)
.

Recalling (6.20) and (6.8), we conclude that

‖∂3W̃m‖L2(S
(1)
km

)
≤ Cε

if m is large enough. The same can be proved for each of the terms in Ĥ. Hence

‖µ̂‖
L2(S

(1)
km

)
→ 0 if m→∞.(6.24)
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We now turn to the boundary conditions of Ŵm on y = 0. Ŵm satisfies (2.3)

and (2.4)–(2.6) with a = âm, b = b̂m, c = ĉm. We want to show that

∂5/2
x âm, âm, ∂

1/2
x b̂m, |zm|1/4b̂m, ĉm, ∂3/2

x ĉm, |zm|3/4ĉm → 0 in L2.(6.25)

We begin with

âm = ηãm + β0F̃m∂xη − W̃m∂xη.

Because of (5.12),

|zm|

 ∫−
Jkm

|F̃m − F̃m(0)|2


1/2

≤ C,

 ∫−
Jkm

|∂7/2
x (F̃m − F̃m(0))|2


1/2

≤ C,

and then, by interpolation, ∫−
Jkm

|∂jx(F̃m − F̃m(0))|2


1/2

→ 0 for 0 ≤ j ≤ 3.(6.26)

By (6.20), (6.8) and interpolation [9, p. 49] we also have∫
S

(1)
km

|∇3+1/2W̃m|2 → 0(6.27)

and, therefore, by the trace theorem,∫
−

Jkm

|∇jW̃m|2 → 0 for |j| ≤ 3.(6.28)

Combining (6.26) (with F̃m(0) → 0, which follows from (5.6), (5.13) and (6.5)),
(6.28) and recalling (6.12), we conclude that∫

−
Jkm

|∂5/2
x âm|2 → 0 if m→∞.(6.29)

The proof that âm → 0 in L2(Jkm) is similar.

Consider next b̂m. Using (6.21) we find that

b̂m = ηb̂m − 3
∂W̃m

∂y
∂3
xη − 6

∂W̃m

∂x∂y
∂xη − σWm∂

3
xη

−3σ
∂W̃m

∂x
∂2
xη − 3σ

∂2Wm

∂x2
∂xη.

In view of (6.12), (6.28), ∫
−
Jkm

|∂1/2
x b̂m|2 → 0.

Also, by (6.20),

|zm| ‖Ŵm‖H3/2(S
(1)
km

)
→ 0
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and, therefore, by the trace theorem,

|zm|
∫
−
Jkm

|∂xŴm|2 → 0.(6.30)

Applying the interpolation inequality [9, p. 49] ∫
R2

|D1/2w|2
1/2

≤ C

 ∫
R2

(w2 + |D2w|2)
1/8 ∫

R2

|w|2
3/8

to w = ∇2W̃m and using (6.8), (6.9), we get

|zm|3/4‖∇2+1/2Wm‖L2(S
(1)
km

)
≤ C

and, by the trace theorem,

|zm|3/4‖W̃m‖H2(Jkm ) ≤ C.(6.31)

Combining this with (6.30) and recalling (6.12), we find that

|zm|1/4
 ∫−
Jkm

|b̂m|2


1/2

→ 0.

We finally consider

ĉm = ηc̃m − W̃m∂
2
xη − 2

∂W̃m

∂x
· ∂xη.

Using (6.28), (6.31) and recalling (6.12), we immediately deduce that∫
−
Jkm

|∂3/2
x ĉm|2 → 0, |zm|3/2

∫
−
Jkm

|ĉm|2 → 0,

and since |zm| ≥ 2, also ĉm → 0 in L2(Jkm). This completes the proof of (6.25).
We are now in a position where we can apply Lemma 4.3 to deduce that∫

−
S

(1)
km

|∇4Ŵm|2 → 0, i.e.,

∫
−

S
(1)
km

|∇4(ηW̃m)|2 → 0.(6.32)

The proof of (6.32) can be carried out not only for S
(1)
km

but also for the union⋃
j Sj, where the j’s are such that Sj ∩ S(1)

km
6= φ. We can choose, in this case, the

η to be such that η = 1 in S
(1)
km

. Consequently∫
−

S
(1)
km

|∇4W̃m|2 → 0 if m→∞,(6.33)

which is a contradiction to (6.8).
In the above proof it was assumed that (6.15) holds. If this is not the case then

(by taking a subsequence) we may assume that the S
(1)
km

converge to x = −∞ as

m→∞. We then work with translates of W̃m:˜̃
Wm(x, y) = W̃m(x− τm, y) (τm →∞).
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The limit G of the zm
˜̃
Wm is a bounded harmonic function in D, satisfying

G(x, y) = 0, Gy(x, 0) = 0 for all x ∈ R1.

Hence G ≡ 0, and we can then proceed as before to derive a contradiction.
So far we have assumed that (6.5) holds. Consider next the case (6.6). Using

(6.9) and the boundary conditions W̃m = ∂yW̃m = 0 at y = 1, we deduce, by
Poincaré’s inequality, that

|W̃m| ≤ C in D.

Further, since Rk < |zm|−1/2 for Rk small and for all m,

g(Rk, zm)R2
k

∫−
Sk

|∇2W̃m|2
1/2

≤ C(6.34)

for all Sk near the origin. By applying the Poincaré inequality to

W̃m(Rkx,Rky)/R
3
2−ε
k

in {y > 0, 1 < x2 + y2 < 2} and using (6.34) we deduce that

|W̃m| ≤ Cr
3
2−ε near the origin.(6.35)

We can now use elliptic estimates to conclude that

W̃m → K weakly in L2
loc(D)

and

z∗∆K −∆2K = 0 in D.(6.36)

K also satisfies the homogeneous boundary conditions of (2.2)–(2.6) in a weak sense
and, by [9] (as in §3), also in the classical sense. From (6.35) we get the same bound
for K and then, by the regularity results established in [5] and [6],

DσK = O
(
r

3
2−|σ|

)
for |σ| ≤ 3. Since K is bounded in D, we can use the Phragmén-Lindelöf theorem
of Lax [8] (see also [6, Lemma 7.2]) to deduce that K decays exponentially fast in
D as |x| → ∞; by elliptic estimates we get the same decay for derivatives DσK.

To obtain the appropriate decay as x→ −∞ and prove that K ≡ 0 we multiply
(6.36) byK, the complex conjugate ofK, integrate overD∩{−M < x <∞} ≡ DM ,
and perform integration by parts. We deduce (cf. the proof of Theorem 3.4) that

∫
DM

[∣∣∣∣∂2K

∂x2
− ∂2K

∂y2

∣∣∣∣2 + 4

∣∣∣∣ ∂2K

∂x∂y

∣∣∣∣2
]

+ (Re z∗)
∫
Dm

|∇K|2

+ σ(Re z∗)

0∫
−M

∣∣∣∣∂F∂x
∣∣∣∣2dx+

1

2
σβ0

∣∣∣∣∂F (0)

∂x

∣∣∣∣2 = IM +
1

2
σβ0

∣∣∣∣∂F (−M)

∂x

∣∣∣∣2

(6.37)
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where IM is the integral of (linear combination of) products DiK ·DjK taken over
lM = D ∩ {x = −M}, where i ≥ 0, j ≥ 0, i+ j ≤ 3. Since∫

−
S

(1)
k

[|∇2W̃m|2 + |∇4W̃m|2] ≤ C for all k,m,

this bound holds also for K (and all k). Hence IM remains bounded for a sequence
M = Mn → ∞. By (5.13), also |∂F (−M)/∂x| remains bounded as M → ∞. But
then the left-hand side of (6.37) must remain bounded as M →∞. It follows that
D2K belongs to D and, by (6.36) and elliptic estimates [1], [2] (cf. [7, Remark
10.2]) all the derivatives of K of orders ≤ 4 belong to L2{D ∩ (−∞ < x < −1)}
and Fx(−M) → 0 if M →∞. Consequently

IM → 0 for a sequence M →∞
and thus the left-hand side of (6.37) converges to zero as M →∞. It follows that
K = 0. Consequently ∫

−
S

(1)
km

|W̃m|2 → 0.

By (6.8) and interpolation we then deduce that (6.27) holds and therefore also
(6.28). This enables us to proceed as before and establish (6.32) and (6.33), thus
contradicting (6.8). We have thus completed the proof in case (6.3) holds.

We next consider the case (6.4), and define

W̃m =
Wm

|zm|

 ∫
−

S
(1)
km

|∇2Wm|2


1/2

.(6.38)

Then

|zm|

 ∫
−

S
(1)
km

|∇2W̃m|2


1/2

= 1,(6.39)

 ∫
−

S
(1)
km

|∇4W̃m|2


1/2

≤ 1,(6.40)

and

zm∆W̃m −∆2W̃m = µ̃m,

∫
S

(1)
km

|µ̃m|2 → 0.(6.41)

Consider first the case (6.5). We can proceed as before to deduce that∫
−

S
(1)
km

|∇4W̃m|2 → 0
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and similarly that

|zm|
∫
−

S
(1)
km

|∇2W̃m|2 → 0,

which is a contradiction to (6.39).

If zm satisfies (6.6) then W̃m → K weakly in L2
loc(D), and

z∗∆K −∆2K = 0 in D;

K also satisfies the homogeneous boundary conditions (of (2.2)–(2.6)) in the weak
sense. As before we deduce that K ≡ 0, and we can then proceed as above to derive
the relation

|zm|
∫

S
(1)
km

|∇2W̃m|2 → 0 as m→∞,

which is a contradiction to (6.39).

7. The case Rkm ≈ 1 with (5.15), (5.16)

We shall consider separately the subcases

sup
k

∫−
Jk

|Fm − Fm(0)|2
1/2

|zm| ≥ sup
k

∫−
Jk

|∂7/2
x (Fm − Fm(0))|2

1/2

,(7.1)

sup
k

∫−
Jk

|Fm − Fm(0)|2
 |zm| ≤ sup

k

∫−
Jk

|∂7/2
x (Fm − Fm(0))|2

1/2

.(7.2)

We begin with (7.1). Introduce

W̃m =
Wm ∫−

Jkm

|Fm − Fm(0)|2


1/2
, F̃m =

Fm ∫−
Jkm

|Fm − Fm(0)|2


1/2
(7.3)

and the corresponding source Q̃m = (ãm, b̃m, c̃m, µ̃m), given by

Q̃m =
Qm ∫−

Jkm

|Fm − Fm(0)|2


1/2
.(7.4)

Then, by (5.23),

‖Q̃m‖X = o(|zm|) as m→∞.(7.5)

We shall analyze first the case where |zm| → ∞. It will be enough to consider
the situation where (6.15) holds. Clearly∫

−
Jkm

|F̃m − F̃m(0)|2 = 1,

∫
−
Jk

|F̃m − F̃m(0)|2 ≤ C for all k,(7.6)
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Jk

|∂7/2
x (F̃m − F̃m(0))|2

1/2

≤ C|zm| for all k(7.7)

and, by (5.15), (5.16),∫
−
S

(1)
k

|∇2W̃m|2 → 0 for any k, as m→∞,(7.8)

 ∫−
S

(1)
k

|∇4W̃m|2


1/2

= o(|zm|) for any k, as m→∞.(7.9)

By (5.12), also

‖W̃‖
Y2
→ 0.

The last relation implies, by (5.7), that ∫−
Qkn

|∇W̃m|2
1/2

= | log(1 − y)| · o(1)

for 1
2 < y < 3

4 , where 1 − y is the distance from Qkn to the line {y = 1} and

o(1) → 0 if m→∞. (The Qkn form partitions of the L0
j .)

By (7.8) and Poincaré’s inequality it then follows that∫
−
S

(1)
k

|∇W̃m|2 → 0 for any k, if m→∞,(7.10)

and, by the trace theorem,∫−
Jk

|∂xW̃m|2
1/2

→ 0 if m→∞.(7.11)

Applying again (7.8), in conjunction with (7.9) and interpolation, we deduce, by
the trace imbedding, that∫−

Jk

|∂jxW̃m|2
1/2

= o(|zm|) (j = 0, 1, 2, 3).(7.12)

Using (7.11), (7.12) in the boundary condition (2.5) (for W̃m, F̃m), we find that∫−
Jk

|∂3
xFm|2

1/2

= o(|zm|).
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Since further |F̃m(0)| = o(|zm|1/2) = o(|zm|) by (5.16), we also have (by using (7.6))∫−
Jk

|F̃m|2
1/2

= o(|zm|)

and, consequently, ∫−
Jk

|∂jxF̃m|2
1/2

= o(|zm|) (1 ≤ j ≤ 3).(7.13)

From (7.12),(7.13) it follows that the functions âm (in (6.25)) satisfy∫−
Jk

|∂jxâm|2
1/2

= o(|zm|) for j = 0 and j = 5
2 .

Using this relation and (7.13), (7.12) in the boundary condition (2.4), we get∫−
Jk

|∂jxF̃m|2
1/2

= o(1) as m→∞

for j = 0, 1, 2. The proof shows that this last estimate actually holds uniformly
with respect to k, so that

sup
k

∫−
Jk

|∂jxF̃m|2
1/2

→ 0 if m→∞.

Taking Jk with Rk → 0, we deduce that

F̃m(0) → 0

and therefore ∫
−

Jkm

|F̃m − F̃m(0)|2 → 0 if m→∞,

a contradiction to the first part of (7.6).
In case lim

m→∞ zm is a finite number the proof is the same with o(|zm|) replaced

by o(1) everywhere.
Suppose next that (7.2) is satisfied. We introduce the functions

W̃m =
|zm|Wm ∫−

Jkm

|∂7/2
x (Fm − Fm(0))|2


1/2

, F̃m =
|zm|Fm ∫−

Jkm

|∂7/2
x (Fm − Fm(0))|2


1/2

and proceed to obtain estimates similar to the previous case. Since (7.11) and (7.12)

hold not only for ∂xW̃m and ∂3
xW̃m but also for ∂

3/2
x W̃m and ∂

7/2
x W̃m respectively
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(with the same proof; in deriving the estimate for ∂
7/2
x W̃m we use also (7.7)), we

obtain from the boundary condition (2.5) for (W̃m, F̃m) ∫−
Jkm

|∂7/2(F̃m − F̃m(0))|2


1/2

= o(|zm|),

which is a contradiction.
In Section 8 we show that the case (5.14) can be reduced to the case (5.13) with

Rkm → 0.

8. The case Rkm → 0 with (5.13)

If Rkm → 0 then Skm → 0, and it will be convenient to work with the scaled
functions

Ŵm(x, y) ≡ Ŵm(x, y, zm) = Wm(Rkmx,Rkmy, zm), F̂m(x) = Fm(Rkmx),

âm(x) = am(Rkmx), b̂m(x) = bm(Rkmx), ĉm(x) = cm(Rkmx).

(8.1)

Thus if (5.13) holds then the “sup” in (5.13) is achieved by

g(Rkm , zm)

R2
km

(
|zm|+ 1

R2
km

)∫−
B

|∇2Ŵm|2
1/2

+

∫−
B

|∇4Ŵm|2
1/2

 ,

(8.2)

whereas if (5.15), (5.16) holds then the “sup” in (5.15) is achieved by

g(Rkm , zm)

∫−
J

∣∣∣∣(|F̂m − F̂m(0)|2)1/2Rkm

(
|zm|+ 1

Rkm

)

+

∫−
J

|∂7/2
x (F̂m − F̂m(0)

∣∣∣∣2
1/2

 .
(8.3)

Here B is a scaled version of Skm of dimensions ≈ 1 and J = B ∩{y = 0}; B and J
depend on km but, to keep the notation simple, we shall not indicate this explicitly.
In this section we shall consider the case (5.13) and, very briefly (in the paragraph
following (8.29)), the case (5.14).

It will be convenient to consider separately the three cases:

Rkmzm → ω, ω finite and 6= 0,(8.4)

Rkmzm → 0,(8.5)

Rkm |zm| → ∞.(8.6)

We shall first consider these cases under the assumption that (6.1) holds.
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Case (8.4). We normalize Ŵm, F̂m by

W̃m =
Ŵm∫−

B

|∇4Ŵm|2
1/2

, F̃m =
F̂m∫−

B

|∇4Ŵm|2
1/2

,(8.7)

so that ∫
−
B

|∇4W̃m|2 = 1.(8.8)

The functions W̃m, F̃m satisfy

R2
kmzm∆W̃m −∆2W̃m = µ̃m in Dm ≡ RkmD(8.9)

with the boundary conditions

W̃m(x, 0) = ∂yW̃m(x, 0) = 0 if x > 0,(8.10)

RkmzmF̃m + β0
∂F̃m
∂x

− ∂W̃m

∂x
= Rkm âm ≡ ãm if y = 0, x < 0,(8.11)

3
∂3W̃m

∂x2∂y
+
∂3W̃m

∂y3
+ σ

∂3F̃m
∂x3

−R2
kmzm

∂W̃m

∂y
= R3

km b̂m ≡ b̃m if y = 0, x < 0,

(8.12)

∂2W̃m

∂x2
− ∂2W̃m

∂y2
= R2

km ĉm ≡ c̃m if y = 0, x < 0.(8.13)

Here

µ̃m(x, y) = R4
kmµm(Rkmx,Rkmy)/

 ∫
−

S
(1)
km

|∇4W̃m|2


1/2

.

From the definition of km we have

g(Rk, zm)R4
k

∫−
Sk

|∇4Wm|2
1/2

≤ Cg(Rkm , zm)R4
km

 ∫
−

S
(1)
km

|∇4Wm|2


1/2

(8.14)

for any Sk. Taking Rk ∼ RRkm , we get

R4

 ∫
−

(BR\RR/2)+
|∇4W̃m|2


1/2

≤ C
g(Rkm , zm)

g(RRkm , zm)
≤ Ch(R)(8.15)

if m is large enough, where, by (5.1),

h(R) =

{
R

1
2+ε if R > 1,

R
3
2−ε if R < 1.

(8.16)
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Similarly, using (6.1) we deduce that

R2

 ∫
−

(BR\BR/2)+
|∇2W̃m|2


1/2

≤ Ch(R).(8.17)

Since W̃m(x, 0) = ∂yW̃m(x, 0) = 0 if x > 0, from the last estimate and Poincaré’s
inequality we deduce that

|W̃m|L∞((BR\RR/2)+) ≤ Ch(R).(8.18)

We next recall that, by (5.13),

g(Rk, zm)

Rk

(
|zm|+ 1

Rk

)∫−
Jk

|Fm − Fm(0)|2
1/2

+R
7/2
k

∫−
Jk

|∂7/2
x (Fm − Fm(0))|2

1/2


≤ Cg(Rkm , zm)R4
km

 ∫
−

S
(1)
km

|∇4Wm|2


1/2

(8.19)

for all k. Taking Rk ∼ RRkm , we deduce that

∫−
JR

|F̃m − F̃m(0)|2
1/2

+R7/2

∫−
JR

|∂7/2
x (F̃m − F̃m(0))|2

1/2

≤ Ch(R),

(8.20)

where JR = (BR\BR/2) ∩ {y = 0}. We also have

|F̃m(0)| ≤ 1

|zm|1/2 g(Rkm , zm)

∫−
B

|∇4W̃m|2
1/2

≤ 1

|zm|1/2
(

1

|zm|1/2
)2ε

R
− 1

2−ε
km

≤ C

and therefore, by (8.20),

F̃m → f in C0[−N, 0] for any N > 0,(8.21)

for some function f . (More precisely, we have to go to a subsequence of F̃m.)
From the definition of µ̃m and (5.11) we get, for any R > 0, ∫

−
(BR\BR/2)+

|µ̃m|2


1/2

→ 0 as m→∞.(8.22)
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Similarly, we deduce that

ãm → 0, b̃m → 0, c̃m → 0 in L2
loc(−∞, 0).(8.23)

From (8.18), (8.15) and (8.21)–(8.23) we easily conclude that

W̃m → ϕ weakly in H4
loc(D\{0}),

and ϕ, f form a solution to the elliptic problem

∆2ϕ = 0 in R2
+,(8.24)

ϕ(x, 0) = ∂yϕ(x, 0) = 0 if x > 0,(8.25)

ωf + β0
∂f

∂x
− ∂ϕ

∂x
= 0 if y = 0, x < 0,(8.26)

3
∂3ϕ

∂x2∂y
+
∂3ϕ

∂y3
+ σ

∂3f

∂x3
= 0 if y = 0, x < 0,(8.27)

∂2ϕ

∂x2
− ∂2ϕ

∂y2
= 0 if y = 0, x < 0(8.28)

and

|ϕ(x, y)| ≤ Ch(r), |f(x)| ≤ C(1 + |x|) 1
2 +ε(8.29)

where r =
√
x2 + y2. By a Liouville type theorem (Theorem 10.2 of [7]) the only

solution of (8.24)–(8.29) is ϕ ≡ 0, f ≡ 0. Consequently

W̃m → 0 uniformly in compact subsets of D,

and weakly in H4
loc(D\{0, 0}). Using this fact we can now use truncation, as in §6,

and Lemma 4.3 in order to prove that∫−
B

|∇4W̃m|2
1/2

→ 0 as m→∞,

which is a contradiction to (8.8).
We now digress in order to analyze the case where (5.14) holds.
We define Rkm = 1/|zm| and proceed to normalize by

W̃m =
Ŵm

F̂m(0)
, F̃m =

F̂m

F̂m(0)
.

Since F̃m(0) = 1 and |zm|1/2 = R
−1/2
km

= g(Rkm , zm), it follows that (8.17), (8.18)

and (8.20) hold with the same function h(R) as in (8.16)‘. Consequently, (8.21)

holds, W̃m → ϕ, and (ϕ, f) forms a solution to (8.24)–(8.29). By [7, Theorem

10.2] ϕ ≡ 0, f ≡ 0. But since F̃m(0) = 1, we have f 6≡ 0 (by (8.21), which is a
contradiction.

We next consider:

Case (8.5). We can proceed precisely as before, except for one difficulty, namely,

we cannot assert that F̃m(0) is bounded since Rkmzm → 0. To overcome this
difficulty we introduce the differences

G̃m = F̃m − F̃m(0)
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and rewrite (8.11) in the form

RkmzmF̃m(0) +RkmzmG̃m + β0
∂G̃m

∂x
− ∂W̃m

∂x
= ãm.(8.30)

Then, for any R > 0, (8.17), (8.18) and (8.20) hold with

h(r) = r
3
2−ε

provided m is large enough, and

W̃m → ϕ, G̃m → f

in suitable norms. Consequently, (8.30) yields

RkmzmF̃m(0) → c∗.(8.31)

If c∗ = 0 then we can use a Liouville type theorem (Theorem 10.1 of [7]) to deduce
that ϕ ≡ 0 and f ≡ 0, and we can proceed to derive a contradiction as in case (8.4).
It therefore remains to consider the case

c∗ 6= 0.(8.32)

Set g = f + c∗x/β0. Then by the Liouville type theorem cited above, applied to
(ϕ, g), we have

ϕ ≡ 0, g ≡ 0.

Consequently

f(x) = − c
∗

β0
x

and
0∫

−N

∣∣∣∣F̃m − F̃m(0) +
c∗

β0
x

∣∣∣∣2dx→ 0 if m→∞, for any N > 0.(8.33)

On the other hand, by (8.20), if 0 < N < 1 then

0∫
−N

|F̃m − F̃m(0)|2 ≤ C
∑

0<Ri<N

Ri

∫
−
JRi

|F̃m − F̃m(0)|2

≤ C
∑

0<Ri<N

Rih
2(Ri) ≤ C

∑
0<Ri<N

R4−2ε
i ≤ CN4−2ε,

since we can take Ri ≈ N/2i. A comparison with (8.33) shows that c∗ = 0, a
contradiction.

It remains to consider:

Case (8.6). We divide it into three subcases:

(a) R2
km |zm| → ∞,

(b) R2
kmzm → ω, ω finite and 6= 0,

(c) R2
kmzm → 0 (but Rkm |zm| → ∞).

Case (a). The situation is similar to that in §6 with |zm| → ∞. Since Rkm �
|zm|−1/2 we need to use, on S

(2)
k , the estimate (6.14) for W̃m and similar estimates
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for ∇2(zmW̃m) (cf. (6.17)) and ∇4W̃m. On S
(1)
k the estimates remain as before

(for example, (8.14) holds with Sk = S
(1)
k and (8.20) holds with h(R) = R(1/2)−ε).

If we set ϕ = lim
m→∞(zmW̃m) then ϕ satisfies

∆ϕ = 0 in R2
+,(8.34)

∂yϕ(x, 0) = 0 if −∞ < x < 0,(8.35)

ϕ(x, 0) = 0 if 0 < x <∞,(8.36)

and

|ϕ| ≤ Cε0y| log y| if x > ε0, 0 < y < 1 (for any ε0 > 0),

whereas

|ϕ| ≤ Cr
1
2−ε if r > 1.(8.37)

Near r = 0 we also obtain the bound

|ϕ| ≤ Cr−
3
2−ε

for x < 0. From the series expansion of ϕ near the origin we then infer that

ϕ = Ar−3/2 sin
3θ

2
+Br−1/2 sin

θ

2
+O(r1/2)

as r→ 0. The function

ψ ≡ ϕ−Ar−3/2 sin
3θ

2
−Br−1/2 sin

θ

2

is harmonic in R2
+, satisfies the same boundary and growth conditions (8.35)–(8.37)

as ϕ, and is continuous at the origin. By comparison, for any small δ > 0

±ψ < δr1/2 sin
θ

2
in R2

+ ∩ {x2 + y2 < ρ2}
if ρ is large enough so that the inequality holds at r = ρ. It follows that ψ ≡ 0, and
thus

ϕ = Ar−3/2 cos
3θ

2
+Br−1/2 cos

θ

2
.(8.38)

Lemma 8.1. A = B = 0, so that ϕ ≡ 0.

The proof, which is similar to that of Lemma 6.1, is given in §15.
Since ϕ ≡ 0,

W̃m → 0 uniformly in compact subsets of R2
+\{(0, 0)}.(8.39)

We can now use cutoff, interpolation and Lemma 4.3 (as in §6) to deduce that∫−
B

|∇4W̃m|2
1/2

→ 0 as m→∞,(8.40)

which is a contradiction.

Case (b). In this case ϕ = lim
m→∞ W̃m satisfies

ω∆ϕ−∆2ϕ = 0
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in R2
+. Multiplying (8.11) by a test function and integrating, and using the assump-

tion Rkm |zm| → ∞, we deduce that F̃m → 0 in the distribution sense. Consequently
the left-hand side of (8.12) converges, in a weak sense, to

3
∂3ϕ

∂x2∂y
+
∂3ϕ

∂y3
− ω

∂ϕ

∂y
.

The right-hand sides of (8.12) and (8.13) converge weakly to zero since ‖Q̃m‖X → 0.
Using elliptic estimates ([1], [2] and [9]) we find that ϕ is a classical solution to the
elliptic problem

ω∆ϕ = ∆2ϕ in R2
+,(8.41)

ϕ(x, 0) = ∂yϕ(x, 0) = 0 if x > 0,(8.42)

3
∂3ϕ

∂x2∂y
+
∂3ϕ

∂y3
− ω

∂ϕ

∂y
= 0 if y = 0, x < 0,(8.43)

∂2ϕ

∂x2
− ∂2ϕ

∂y2
= 0 if y = 0, x < 0,(8.44)

and, furthermore, from the definition of g(R, z) and the analysis that let to (8.29),

|ϕ(x, y)| ≤
{
r

1
2−ε if r > 1,

r
1
2+ε if r < 1.

(8.45)

We appeal to another Liouville type theorem (Theorem 1.1 of [7]) to conclude
that ϕ ≡ 0. Hence (8.39) holds and we can proceed as before to derive (8.40), which
is a contradiction.

Case (c). This case is treated similarly to case (b), the only difference being
that ω = 0 and

|ϕ(x, y)| ≤ Cr
1
2+ε in R2

+.

Here we need to appeal to a different Liouville type theorem (Theorem 10.1 of [7]).

So far we have dealt with the case (6.1). If (6.2) holds then we normalize Ŵm,

F̂m by dividing by

|zm|

 ∫
−

S
(1)
km

|∇2Ŵm|2


1/2

and proceed as before with minor changes (cf. §6).

9. The case Rkm → 0 with (5.15), (5.16)

We again treat separately the three cases (8.4), (8.5) and (8.6).
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Case (8.4). We normalize by

W̃m =
Ŵm∫−

J

|F̂m − F̂m(0)|2
1/2

+

∫−
J

|∂7/2
x (F̂m − F̂m(0))|2

1/2
,

F̃m =
F̂m∫−

J

|F̂m − F̂m(0)|2
1/2

+

∫−
J

|∂7/2
x (F̂m − F̂m(0))|2

1/2
.

(9.1)

Then ∫−
J

|F̃m − F̃m(0)|2
1/2

+

∫−
J

|∂7/2
x (F̃m − F̃m(0))|2

1/2

= 1.(9.2)

Also, since g(Rkm , zm) ∼ R
−1/2
km

,

|F̃m(0)| � C

|zm|1/2R1/2
km

≤ C if m→∞.

We can proceed to analyze W̃m, F̃m as before, proving that W̃m → 0 weakly in H4

and F̃m → 0 in some norm, weaker than H7/2. Next truncate W̃m, F̃m as in §6,
obtain an elliptic system for the truncated pair, and apply Lemma 4.3 to deduce
the stronger convergence:∫−

J

|F̃m − F̃m(0)|2
1/2

+

∫−
J

|∂7/2
x (F̃m − F̃m(0))|2

1/2

→ 0;(9.3)

this is a contradiction to (9.2).

Case (8.5). We again normalize as in (9.1) and proceed precisely as in case
(8.5) in §8 to prove that

F̃m − F̃m(0) → − c
∗

β0
x in L2(−N, 0)), for any N > 0.(9.4)

Let ε0 be any small positive number. For each m let ρm be the largest R such
that RRkm |zm| ≤ 1 and, for R ≤ ρm,∫−

JR

|F̃m − F̃m(0)|2
1/2

+R7/2

∫−
JR

|∂7/2
x (F̃m − F̃m(0))|2

1/2

≥ ε0R;(9.5)

clearly ρm > 1 if m is large. If ρmRmzm → ω 6= 0 then we can proceed as in case
(8.4) (replacing Rkm by ρmRkm in (8.1)) and prove that the left-hand side of (9.4)
is convergent to zero, which is a contradiction. Thus it remains to consider the case

ρmRkmzm → 0.(9.6)
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We define

F ∗m =
F̃m
ρm

.

Then (9.5) becomes∫−
JR

|F ∗m − F ∗m(0)|2
1/2

+

∫−
JR

|∂7/2
x (F ∗m − F ∗m(0))|2

1/2

≥ ε0R/ρm,(9.7)

and we proceed as before up to the asssertion (8.31), which is now

ρmRkmzmF
∗
m(0) → c∗.

This implies thatRkmzmF̃m(0) → c∗, and therefore c∗ is independent of ε0. Further,
as before,

G∗m = F ∗m − F ∗m(0) → − c
∗

β0
x in L2(−N, 0)

for any N > 0. Because of (9.6), equality must hold in (9.7) for R = ρm (otherwise
ρm could be increased, which is a contradiction to the definition of ρm), and so ∫−

Jρm

|F ∗m − F ∗m(0)|2


1/2

≤ ε0.

Taking m → ∞ and comparing with (9.4) we see that |c∗| ≤ Cε0, where C is a
constant independent of ε0. Since ε0 can be taken arbitrarily small, c∗ must vanish,
and then, as in §8, we apply a Liouville type theorem (Theorem 10.1 of [7]) to
deduce that ϕ = 0, f = 0 and proceed as before to derive a contradiction.

Case (8.6). We divide it into subcases (a), (b), (c), as in §8, and normalize by

W̃m =
Ŵm

Am
, F̂m =

F̂m
Am

,

where

Am =

Rkm

(
|zm|+ 1

Rkm

)∫−
J

|F̂m − F̂m(0)|2
1/2

+

∫−
J

|∂7/2
x (F̂m − F̂m(0))|2

1/2
 .

(9.8)

Then

Rkm

(
|zm|+ 1

Rkm

)∫−
J

|F̃m − F̃m(0)|2
1/2

+

∫−
J

|∂7/2
x (F̃m − F̃m(0))|2

1/2

= 1.

(9.9)
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Consider first the cases (a), (b). Using (5.16), we can argue as in §7 to deduce

that (7.10) and (7.11) hold (with S
(1)
k , Jk properly scaled). Next, by (5.1) and the

assumptions in (a), (b),

g(Rkm , zm) ≈ R
− 1

2+ε

km

and therefore

|F̃m(0)| ≤ CR ε
km

|zm|1/2R1/2
km

→ 0 .

It follows that∫−
JR

|F̃m|2
1/2

≤
∫−
JR

|F̃m − F̃m(0)|2
1/2

+ |F̃m(0)| ≤ C.(9.10)

Using (7.11), (9.10) and the assumption Rkm |zm| → ∞ in the boundary condition
(8.11), we deduce that

F̃m → 0 in H−1(JR) for any R > 0;

and, consequently, also

F̃m − F̃m(0) → 0 in H−1.

Noting that ∫
−
JR

|F̃m − F̃m(0)|2 +

∫
−
JR

|∂7/2
x (F̃m − F̃m(0))|2

is bounded for any R > 0, we then deduce by interpolation [9, p. 49] that F̃m −
F̃m(0) → 0 in L2. We can now use truncation, interpolation and Lemma 4.3 to
deduce that ∫

−
J

|∂jx(F̃m − F̃m(0))|2 → 0(9.11)

for j = 7/2, as well as for any smaller j. We can next apply truncation and
interpolation as in §7 to deduce that(

|zm|+ 1

Rkm

)
Rkm

∫−
J

|F̃m − F̃m(0)|2
1/2

→ 0;

and, together with (9.11), this is a contradiction to the normalization (9.9). Case
(c) is treated similarly. The only difference is that instead of (9.10) we have

g(Rkm , zm) = |zm|−εR−
1
2−ε

km

and

|F̃m(0)| ≤ C

|zm|1/2|zm|εR
1
2+ε

km

≤ C

(Rkm |zm|) 1
2+ε

.

Since Rkm |zm| → ∞, F̃m(0) → 0, and we can proceed as before.
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10. Completion of the proof of Lemma 5.1

We have proved so far that if

‖(Wm, Fm)‖
Y1
� ‖Wm‖Y2 + ‖Wm‖Y3

for some c > 0, then we get a contradiction to (5.11). Suppose next that (5.17) (or
(5.18)) holds. Then we can proceed as in the previous sections, making only small
changes. If Rkm → 0 then we rescale the Wm, Fm as in (8.1); we also normalize

Ŵm, F̂m so that, for the new W̃m, F̃m,

the expression in brackets in (5.17) (or (5.18)) is equal to 1 at k = km.

(10.1)

The arguments in Sections 6 and 8 show that W̃m → 0 if m → ∞. We can then
use cutoff, interpolation and Lemmas 4.1, 4.2 to derive a contradiction to (10.1),
by showing that the expression in brackets in (5.17) (or (5.18)) converges to zero if
m→∞. Here, basically, instead of

|zm|R4

 ∫
S

(1)
k

|∇2Wm|2


1/2

and R4

 ∫
S

(1)
k

|∇4Wm|2


1/2

we have to work with

|zm|R3

 ∫
S

(2)
k

|y∇2Wm|2


1/2

and R3

 ∫
S

(2)
k

|y∇4Wm|2


1/2

.

(Actually, S
(2)
k should be replaced by the Qkn and the factor y in Qkn should be

replaced by the dkn.) The factor y dimensionally fits with all the interpolations
which we need to perform.

11. Extension of Lemma 5.1

We shall need an extension of Lemma 5.1 in which we add under the max{· · · }
in (5.6) the expression

‖(W,F )‖Z ≡ supk

g(Rk, z)

R3+1/2
k |z|

∫−
Jk

|∂1/2
x ∂yW (x, 0)|2

1/2

+R
3+1/2
k |z|1+1/4

∫−
Jk

|∂yW (x, 0)|2
1/2

+R
7/2
k |z|

∫−
Jk

|D5/2
x (F (x) − F (0))|2

1/2

 .

(11.1)
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Lemma 11.1. Let z, W , F be as in Lemma 5.1. If the expression in (11.1) is
added in the left-hand side of (5.6) under the “max” sign, then the left-hand side
of (5.6) still remains bounded by

C|z| ε2+ 1
2 | log |z| | ‖Q‖X.(11.2)

Proof. It suffices to show that the expression in (11.1) is bounded by the right-hand
side of (5.6). Consider the scaled functions

Ŵ (x, y) = W (Rkx,Rky), F̂ (x) = F (Rkx)

and the corresponding scaled µ̂, â, b̂, ĉ. Then

(R2
kz)∆Ŵ −∆2Ŵ = R4

kµ̂,(11.3)

Ŵ (x, 0) = ∂yŴ (x, 0) = 0 if x > 0,(11.4)

RkzF̂ + β0
∂F̂

∂x
− ∂Ŵ

∂x
= Rkâ if y = 0, x < 0,(11.5)

3
∂3Ŵ

∂x2∂y
+
∂3Ŵ

∂y3
+ σ

∂3F̂

∂x3
− (R2

kz)
∂Ŵ

∂y
= R3

k b̂ if y = 0, x < 0,(11.6)

∂2Ŵ

∂x2
− ∂2Ŵ

∂y2
= R2

kĉ if y = 0, x < 0.(11.7)

Next we introduce a cutoff function η(x, y) with ∂jη/∂yi = 0 at y = 0 (0 ≤ j ≤
3), and set

W̃ = ηŴ , F̃ = ηF̂ .

Then W̃ satisfies

(R2
kz)∆W̃ −∆2W̃ = µ̃ in R2

+,(11.8)

where

µ̃ = Ĥ(∂3Ŵ , ∂2Ŵ , ∂Ŵ , Ŵ , z∂Ŵ , zŴ )

is a linear combination of the indicated variables, and the boundary conditions

(11.4)–(11.7) with Rkâ, R
3
k b̂, R

2
k ĉ replaced by

ã = Rkηâ+ β0F̂ ∂xη − Ŵ∂xη,

b̃ = R3
kηb̂+ 3∂yŴ · ∂2

xη − 6
∂Ŵ

∂x∂y
∂xη − 6Ŵ∂3

xη − 3σ∂xŴ · ∂2
xη − 3σ

∂2Ŵ

∂x2
∂xη,

c̃ = R2
kηĉ− Ŵ∂2

xη − 2∂xW · ∂xη.
We now use Lemma 4.3 in order to estimate

|ε̃z|
 0∫
−∞

|∇3/2W̃ (x, 0)|2
1/2

+ |ε̃z|1+1/4

 0∫
−∞

|∂yW̃ (x, 0)|2
1/2

+|z|
 0∫
−∞

|D5/2
x F̃ (x)|2

1/2

(ε̃ = R2
k)

(11.9)
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by (11.2). (Here we have replaced the parameter ε in Lemma 4.3 by ε̃ in order not
to confuse it with the ε that occurs in (11.2).) Actually we get also lower order

derivatives of Ŵ , F̂ on the right-hand side (as in §6), but these can be estimated
by Lemma 5.1 and interpolation. In particular we note that by writing

Dx(F̂ ∂xη) = Dx((F̂ − F̂ (0))∂xη) +Dx(F̂ (0)∂xη)(11.10)

we can estimate the lower order derivatives of F̂ ; for example, to estimate D
5/2
x F̂ ,

we use the fact that both D
5/2
x (F̂ − F̂ (0)) and F̂ (0) are bounded by terms in (5.6).

Going back to the original coordinates, the bound (11.2) for the expression (11.9)
yields the bound

g(Rk, z)

|ε̃z|R3/2
k

∫−
Jk

|∇3/2W (x, 0)|2
1/2

+ |ε̃z|1+1/4Rk

∫−
Jk

|∂yW (x, 0)|2
1/2

+|z|R5/2
k

∫−
Jk

|D7/2
x (F (x) − F (0))|2

1/2
 ≤ C|z| ε2+ 1

2 | log |z| | ‖Q‖
X

and, since ε̃ = R2
k, the lemma follows.

We introduce the norm

‖(W,F )‖ = sup
k

g(Rk, z)R
4
k

(∫
− |∇2W |2

)1/2

+R
3+1/2
k

∫−
Jk

|D1/2
x DyW (x, 0)|2

1/2

+R
3+1/2
k |z|1/4

∫−
Jk

|DyW (x, 0)|2
1/2

+ |F (0)| |z|−1/2

+ sup
k

g(Rk, z)

Rk

∫−
Jk

|F (x) − F (0)|2
1/2

+R
3+1/2
k

∫−
Jk

|D5/2
x (F (x) − F (0))|2

1/2



+ sup
k

g(Rk, z)

sup
n

R3
kdkn

 ∫−
Qkn

|∇2W |2
1/2


+ sup

n

 R3
k

| log dkn|

 ∫−
Qkn

|∇W |2
1/2



 .

(11.11)

Note that we have collected in (11.11) all the coefficients of |z| that appear in
either (11.1) or on the right-hand sides of (5.6), (5.7).

From Lemma 11.1 we obtain:
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Lemma 11.2. Let W,F, z be as in Lemma 11.1. Then

‖(W,F )‖ ≤ C|z| ε2− 1
2 | log |z| | ‖Q‖

X
,(11.12)

where C is a constant independent of z and the source Q.

Remark 11.1. Both Lemma 5.1 and Lemmas 11.1,11.2 are valid for Re z ≥ 0, |z| >
1, provided we replace | log |z| | (in (5.10), (11.2) and (11.12)) by | log(|z|+ 1)|.

12. Existence of solutions

We shall use Lemma 11.2 to establish existence and uniqueness for the system
(2.1)–(2.6) for any z in the region

Σ0 : Re z > 0, |z| ≥ 1;(12.1)

actually the proof can be extended to the larger region

Re z ≥ − c

|z| 1+ε2 | log(|z|+ 1)|
| Im z|, |z| > 0,

for some c > 0, but this will not be needed. We must however first extend Theorems
3.3, 3.4 to sources Q = (a, b, c, µ) with ‖Q‖X <∞.

Consider first the case where z ≥ 1.
Take smooth data a, b, c, µ with compact support and reduce the system (2.1)–

(2.6) to the system (2.15)–(2.20) with vanishing a, b, c and a new µ, say µ̃, that
belongs to L2(D) (this reduction was carried out in §2). By Theorems 3.3, 3.4, the

reduced system has a unique solution (W̃ , F̃ ), and this yields a solution (W,F ) to
(2.1)–(2.6). By elliptic regularity (see [1] and [2]) the ∇jW are uniformly bounded
in D\Bρ for 0 ≤ j ≤ 4 and any ρ > 0, where Bρ = {x2 + y2 < ρ2}. Also, by [6],

W ∼ Ar3/2 near the origin.

It follows that ‖(W,F )‖ <∞.
We denote by TzQ the unique solution (W,F ) corresponding to the source Q =

(a, b, c, µ) which was thus established by means of Theorems 3.3, 3.4 for compactly
supported smooth data.

Set

B0
z = {Q = (a, b, c, µ); a, b, c and µ vanish

if |x| is large enough, and ‖Q‖
X
<∞},

Bz = closure of B0
z under the norm ‖ ‖

X
.

(12.2)

Approximating by a sequence of cutoff functions, one can easily verify that the class
Bz contains all sources with finite ‖ ‖

X
-norm which satisfy:

lim
|x|→∞

µ(x, y, z) = 0 uniformly in y,

lim
x→−∞∂ixa(x, z) = 0 (0 ≤ i ≤ 3), lim

x→−∞∂jxb(x, z) = 0 (0 ≤ j ≤ 1),

lim
x→−∞ ∂kxc(x, z) = 0 (0 ≤ k ≤ 2) .

(12.3)

Lemma 11.2 enables us to extend the solution of (2.1)–(2.6) (and uniquely so)
to all Q in Bz:
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Theorem 12.1. For any z ∈ ∑0 and for any Q = (a, b, c, µ) in Bz there exists a
unique solution of (2.1)–(2.6) having finite norm ‖(W,F )‖, and

‖(W,F )‖ ≤ C|z| ε2− 1
2 | log(|z|+ 1)| ‖Q‖

X
,(12.4)

where C is a constant independent of Q, z.

Proof. We have already proved the assertion for real z, z ≥ 1. Let z̃ be any complex
number such that Re z̃ > 0, |z̃| ≥ 1, and suppose the assertion of the theorem is
true for z̃. We shall extend it to all nearby z. Writing z = z̃+(z− z̃) everywhere in
(2.1)–(2.6) and moving the terms with z − z̃ to the right-hand side, we can rewrite
the equation

(W,F ) = Tz(Q)

(this means, the solution (W,F ) corresponding to the source Q) in the form

(W,F ) = Tz̃(Q) + (z̃ − z)Tz̃(S(W,F )),(12.5)

where

S(W,F ) = (F,−Wy(x, 0), 0,∆W ).

Denote the right-hand side of (12.5) by G(W,F ). Then (12.5) means that (W,F )
is a fixed point of the mapping G.

Notice that

‖G(W1, F1)−G(W2, F2)‖ ≤ C|z| ε2− 1
2 | log(|z|+ 1)| |z̃ − z| ‖(W1 −W2, F1 − F2)‖

(12.6)

and, therefore, if

|z̃ − z| < ε0

|z| ε2− 1
2 | log(|z|+ 1)|

(
where ε0 <

1

C

)
,

then G is a contraction. Further, by Lemma 11.2, G maps the ball of radius 1 and
center Tz̃Q, i.e.,

{‖(W,F )− Tz̃Q‖ ≤ 1},
into itself if ε0 is small enough. It follows that G has a unique fixed point, and it
belongs to this ball.

Applying the above result to any z̃ > 1, we can proceed step-by-step to cover all
of Σ0 with z-neighborhoods for which (12.5) has a unique solution for any source
Q. The proof of Theorem 12.1 also yields the estimate (12.4).

Remark 12.1. Note that Q in (12.5) is the source (a(x, z), b(x, z), c(x, z), µ(x, y, z)),
whereas the norms in (12.6) are defined as in (11.11) with z replaced by z̃.

Set

k(z) = |z|(1+ε)/2| log(|z|+ 1)|.
Corollary 12.2. The solution established in Theorem 12.1 satisfies

‖(W,F )‖Y + ‖(W,F )‖Z ≤ Ck(z)‖Q‖X.(12.7)
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Indeed, Lemma 11.1 is applicable if Q ∈ B0
z and a, b, c, µ are smooth enough (for

then (W,F ) is smooth enough). By approximation, the estimate remains true for
any Q in Bz.

We are now in a position to consider the system (1.8)–(1.15) directly. We define

ϕ(x, y, t) =
1

2πi

1+i∞∫
1−i∞

eztW (x, y, z)dz,(12.8)

f(x, t) =
1

2πi

1+i∞∫
1−i∞

eztF (x, z)dz,(12.9)

where (W,F ) is the solution corresponding to the source

Qz = (a(·, z), b(·, z), c(·, z), µ(·, z))
and a, b, c, µ are the Laplace transforms of a0, b0, c0, µ0, respectively. We assume
that the data a0, b0, c0, µ0 are such that

Qz ∈ Bz ∀z, Re z ≥ 1,

k(z)‖Qz‖X ≤ C ∀z, Re z ≥ 1,

1+i∞∫
1−i∞

k(z)‖Qz‖Xd|z| <∞.

(12.10)

We introduce the norm

‖(ϕ, f)‖ =

1+i∞∫
1−i∞

[ ‖(W,F )‖Y + ‖(W,F )‖Z ] d|z|,(12.11)

where the norms on the right-hand side are defined in (5.6)–(5.9) and (11.1). By
Lemma 11.1

‖(W,F )‖Y + ‖(W,F )‖Z ≤ Ck(z)‖Qz‖X(12.12)

and hence

‖(ϕ, f)‖ ≤ C

1+i∞∫
1−i∞

k(z)‖Qz‖Xd|z|.(12.13)

The pair (ϕ, f) is a generalized solution of (1.8)–(1.15). Although it is not a
classical solution, all the spatial derivatives which appear in (1.8)–(1.13) exist in a
“strong sense”; in particular, if Rk ≈ 1,

 ∫−
S

(1)
k

|∇4
xyϕ(x, y, t)|2


1/2

+

 ∫−
S

(1)
k

|∇2
xyϕ(x, y, t)|2


1/2

≤C
1+i∞∫

1−i∞
k(z)‖Qz‖Xd|z| .

(12.14)
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By interpolation of some of the components of the norms in (11.11) one can show
that

|ϕ(x, y, t)| ≤ C

1+i∞∫
1−i∞

k(z)

|z| ‖Qz‖Xd|z| <∞,(12.15)

and that ϕ is a continuous function in (x, y, t), for all x ∈ R, t ∈ R, 0 ≤ y ≤ 1,
except possibly at x = 0, y = 0, t ∈ R.

We next prove that ϕ(x, y, t) = 0 if t < 0.
For any large positive number N , introduce the half circle ΓN = {|z − 1| =

N, Re z > 1} and the two arcs

ΓN,ε = ΓN ∩
{π

2
− ε < | arg z| < π

2

}
, ε > 0.

Since W (x, y, z) is analytic in z, 1+Ni∫
1−Ni

+

∫
ΓN,ε

+

∫
ΓN\ΓN,ε

 eztW (x, y, z)dz = 0.

Also, ∣∣∣∣ ∫
ΓN,ε

· · ·
∣∣∣∣ ≤ C

∫
ΓN,ε

k(z)

|z| ‖Qz‖X ≤ Cε,

∣∣∣∣ ∫
ΓN\ΓN,ε

· · ·
∣∣∣∣ ≤ C

∫
ΓN\ΓNε

e−cε|z| |t| → 0 if N →∞.

Using (12.8) we conclude that ϕ(x, y, t) = 0 if t < 0. Similarly one can show that
f(x, t) = 0 if t < 0.

We summarize:

Theorem 12.2. If the data a0, b0, c0, µ0 satisfy the conditions in (12.10) and if
(1.15) holds, then there exists a unique generalized solution (ϕ, f) of (1.8)–(1.14)
in the sense that ‖(ϕ, f)‖ < ∞ and it satisfies (1.8)–(1.14) in the a.e. sense;
furthermore, the estimate (12.13) holds.

Note that the solution (ϕ, f) was (uniquely) defined as the inverse Laplace trans-
form of the unique solution (W,F ) established in Theorem 12.1. However, for any
two classical solutions (ϕ1, f1) and (ϕ2, f2) of (1.8)–(1.14), suitably bounded at ∞
and at the origin in both the (x, y) and t variables, the Laplace transforms (W1, F1)
and (W2, F2) will have a finite norm ‖ ‖ and thus they will coincide, by Theorem
12.1, so that ϕ1 = ϕ2, f1 = f2. Of course, we have not established here the existence
of such classical solutions to (1.8)–(1.14).

13. General data

In this section we extend the existence and uniqueness results of Theorem 12.2
for the linearized problem (1.8)–(1.14) to general data, namely, to data which do
not necessarily satisfy the restrictions in (1.15). We assume for simplicity that

ϕ0 = ∂yϕ0 = 0 if y = 1,−∞ < x <∞
and if y = 0, 0 < x <∞.

(13.1)
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We also impose the consistency condition

∂2ϕ0

∂x2
− ∂2ϕ0

∂y2
= c0(x) if y = 0,−∞ < x < 0.(13.2)

We first wish to construct a solution (ϕ1, f1) in the special case of data

a0(x, 0), b0(x, 0), c0(x, 0), µ0(x, y, 0).(13.3)

Setting

ϕ1(x, y, t) = ϕ2(x, y, t) + ϕ0(x, y), f1(x, t) = f2(x, t) + f0(x),

the pair (ϕ2, f2) must satisfy the system:

∂

∂t
(∆ϕ2)−∆2ϕ2 = µ0(·, 0) + ∆2ϕ0 ≡ µ̃ in D,(13.4)

ϕ2 =
∂ϕ2

∂y
= 0 if y = 1,−∞ < x <∞,(13.5)

ϕ2 =
∂ϕ2

∂y
= 0 if y = 0, 0 < x <∞,(13.6)

∂f2
∂t

+ β0
∂f2
∂x

− ∂ϕ2

∂x
= a0(x, 0)− β0

∂f0
∂x

+
∂ϕ0

∂x
≡ ã(13.7)

if y = 0,−∞ < x < 0,

3
∂3ϕ2

∂x2∂y
+
∂3ϕ2

∂y3
+ σ

∂3ϕ2

∂x3
− ∂3ϕ2

∂y∂t
(13.8)

= b0(x, 0)−
(

3
∂3ϕ0

∂x2∂y
+
∂3ϕ0

∂y3
+ σ

∂3ϕ0

∂x3

)
≡ b̃ if y = 0,−∞ < x < 0,

∂2ϕ2

∂x2
− ∂2ϕ2

∂y2
= 0 if y = 0,−∞ < x < 0,(13.9)

ϕ2(x, y, 0) = 0, f2(x, 0) = 0;(13.10)

in equation (13.9) we made use of the consistency condition (13.2).
We can solve this system using the Laplace transform. Indeed, denote by W2,

F2 the Laplace transforms of ϕ2, f2, respectively. Then

z∆W2 −∆2W2 =
µ̃

z
in D,

zF2 + β0∂xF2 − ∂xW2 =
ã

z
if y = 0,−∞ < x < 0,

etc. By the method of §12 we know that for any z in Σ0 this problem has a unique
solution (W2, F2) satisfying

‖(W2, F2)‖ ≤ Ck(z)

|z| ‖Q̃‖X ,

where Q̃ is the source (
ã

z
,
b̃

z
, 0,

µ̃

z

)
.
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Notation. Denote by ‖Q(0)‖E the right-hand side of (5.5) with a = ã, b = b̃, c = 0,
µ = µ̃ and with the term

R
3+1/2
k

∫−
Jk

|z|1/4 |̃b|2
1/2

removed (from (5.4)).

Clearly

‖Q̃‖X ≤ C|z|−3/4‖Q(0)‖
E
,

so that

‖(W2, F2)‖ ≤ Ck(z)

|z|1+3/4
‖Q(0)‖

E
.(13.11)

Now define (ϕ2, f2) by

ϕ2 =
1

2πi

1+i∞∫
1−i∞

eztW2(x, y, z)dz,(13.12)

f2(x, t) =
1

2πi

1+i∞∫
1−i∞

eztF2(x, z)dz.(13.13)

Using the estimates (13.11), we can proceed as in §12 to prove that ϕ2(x, y, t) = 0
and f2(x, t) = 0 if t < 0, and (ϕ2, f2) is a solution of (13.4)–(13.10) in H2(D);
furthermore,

‖(ϕ2, f2)‖ ≤ C‖Q(0)‖E
1+i∞∫

1−i∞

Ck(z)

|z|1+3/4
≤ C‖Q(0)‖

E

if we choose ε <
1

4
, where the norm ‖(ϕ2, f2)‖ is defined as in (12.11).

Next denote by (ϕ3, f3) the solution of (1.8)–(1.14) with ϕ0(x, y) ≡ 0, f0(x) ≡ 0
and data

a0(·, t)− a0(·, 0), b0(·, t)− b0(·, 0), c0(·, t)− c0(·, 0), µ0(·, t)− µ0(·, 0);

its existence and uniqueness were established by Theorem 12.2. In the Laplace
transform notation, the sources for these data will be denoted by Qz(·) − Qz(0).
We shall use the notation

̂Q(·)−Q(0) = Qz(·)−Qz(0)

where the caret indicates the Laplace transform. Then we have

‖(ϕ3, f3)‖ ≤ C

1+i∞∫
1−i∞

k(z)‖ ̂Q(·)−Q(0)‖Xd|z|.

We summarize:



3044 AVNER FRIEDMAN AND JUAN J. L. VELÁZQUEZ

Theorem 13.1. Assume that (13.1), (13.2) hold and that

〈Q〉 ≡ ‖Q(0)‖
E

+

1+i∞∫
1−i∞

k(z)‖ ̂Q(·)−Q(0)‖Xd|z|

is finite. Then the functions

ϕ = ϕ0 + ϕ2 + ϕ3, f = f0 + f2 + f3

form the unique solution of (1.8)–(1.15) with finite norm ‖(ϕ−ϕ0, f − f0)‖; more-
over,

‖(ϕ− ϕ0, f − f0)‖ ≤ C〈Q〉,

where C is a constant independent of the data.

Here the concept of uniqueness is in a sense similar to that for homogeneous
data (as explained at the end of Section 12).

14. Proof of Lemma 6.1

We need to extend the a priori estimates of Section 4 to include estimates of lower
order derivatives of W and F in terms of lower order derivatives of the source. To
this purpose we define

∂−1
y ψ(x, y) =

∞∫
y

ψ(x, y)dy, ∂−ny ψ(x, y) = ∂−1
y

(
∂−(n−1)
y ψ(x, y)

)
,

and

‖∂−`x ∂−ny ψ‖L2(R2
+) =


∞∫
0

dy
|∂−ny ψ̂(k, y)|2
(1 + |k|2)` dk


1/2

,

‖∂−`x a‖L2(R) =


∞∫

−∞

|â(k)|2
(1 + |k|2)` dk


1/2

,

where ψ̂(k, y) and â(k) are the Fourier transform of ψ(x, y) and a(x) in x.
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In order to extend Lemma 4.3 we define

|||(W,F )|||j =


∞∫

−∞
dx

∞∫
0

dy
[|∇4−jW |2 + |εz|2|∇2−jW |2]

+

∞∫
−∞

dx
[
|εz|1/2|∇3−jW (x, 0)|2 + |εz|3/2|∇2−jW (x, 0)|2

+|εz|2|∇ 3
2−jW (x, 0)|2 + |εz|2+1/2|∂−jx ∂yW (x, 0)|2

]
+

∞∫
−∞

dx
[
|D 7

2−j
x F (x)|2 + |z| |D3−j

x F (x)|2 + |z|2|D 5
2−j
x F (x)|2

]
1/2

,

‖Q‖−j =


∞∫

−∞
dx

∞∫
0

dy|∇−jµ(x, y)|2

+

∞∫
−∞

dx
[
|∂ 5

2−j
x a|2 + |∂ 1

2−j
x b|2 + |εz|1/2|∂−jx b|2 + |∂ 3

2−j
x c|2

+ |εz| 32 |∂−jx c|2
]

1/2

,

where Q = (a, b, c, µ).

Lemma 14.1. For any solution (W,F ) of (4.35)–(4.39) satisfying (4.42),

|||(W,F )|||−j ≤ C‖Q‖−j (j = 0, 1, 2, 3),(14.1)

where C is a constant depending only on R0.

This lemma coincides with Lemma 13.2 of [7] if ε = 0. The proof for ε > 0 is
quite similar if we use the observations made in the proof of Lemma 3.2 of [7].

We shall apply Lemma 14.1 to prove:

Lemma 14.2. If (W,F ) is a solution to (4.35)–(4.39) and W ∈ L2(R2
+), F ∈

L2(R), then

‖∇2W‖L2(R2
+) ≤ C‖W‖L2(F2

+) + C‖F‖L2(R) + C‖Q‖0,
‖∇4W‖L2(R2

+) ≤ C(1 + ε|z|)‖W‖L2(R2
+) + C‖F‖L2(R) + C‖Q‖0,

(14.2)

and

‖D7/2F‖L2(R) + |z|1/2‖D3F‖L2(R) + |z| ‖D5/2F‖L2(R)

≤ C(1 + ε|z|)‖W‖L2(R2
+) + C‖F‖L2(R) + C‖Q‖0,

(14.3)

where C is a constant independent of z,Q and (W,F ).

Proof. We follow the same procedure as in the proof of Lemma 7.1 of [7]. We
introduce cutoff functions ηk (1 ≤ k ≤ 4) such that ∂mηk/∂y

m = 0 if 1 ≤ m ≤ 3
and the support of each ηk is contained in the set {ηk−1 = 1}. We define

Wk = ηkW, Fk = ηkF.
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Then

z∆Wk −∆2Wk = µk,

where each µk is a linear combination of

∇3W, εz∇W, ∇2W, εzW, W and µ

with coefficients that are derivatives of ηk and thus vanish outside {ηk−1 = 1}. The
corresponding boundary data for the Wk, Fk will be denoted by (ak, bk, ck). The
coefficient ak is a linear combination of

F,DxW and a,

bk is a linear combination of

∂x∂yW, ∂yW, ∂
2
xF, ∂xF, F and b,

and ck is a linear combination of

∂xW, W and c.

We apply Lemma 14.1 with j = 3 to (W1, F1) and thus obtain an L2 estimate of

∇W1, ε|z|∇−1W1 and ∂xF1, |z|1/2F1, |z|∂−1/2
x F1

by

C‖γ1W‖L2(R2
+) + C‖γ1F‖L2(R) + C‖γ1Q‖0,

where γ1 is the characteristic function of the support of η1. Next we apply Lemma
14.1 with j = 2 to (W2, F2) and, upon using also the previous estimate, obtain L2

bounds on

∂3/2
x F2, |z|1/2∂xF2, |z|∂1/2

x F2

in terms of

C(1 + ε|z|)‖γ1W‖L2(R2
+) + C‖γ1F‖L2(R) + C‖γ1Q‖0.(14.4)

In the next step we use Lemma 14.1 with j = 1 to estimate the L2 norms of

∇3W3, ε|z|∇W3, ∂
5/2
x F, |z|1/2∂2

xF3 and |z|∂3/2
x F3

by the right-hand side of (14.4). Finally, by applying Lemma 14.1 with j = 0 (i.e.,
Lemma 4.3) we obtain an estimate of the L2 norms of

∇4W4, ∂
7/2
x F4, |z|1/2∂3

xF4 and |z|∂5/2
x F4

by the right-hand sides of (14.4). From this estimate and the previous estimates
on ∇2W1 we obtain the assertions (14.2), (14.3).

Let D0 ⊂ D1 be any two domains in R2 (not necessarily bounded), and set
D+
i = Di ∩ {y > 0}, ∂D+

i ∩ R = {(x, 0); (x, 0) ∈ ∂D+
i }. We define ‖Q‖0,D+

1
by

replacing in (4.40) the integration of µ over R2
+ by integration over D+

1 and the

integration of the other data over {−∞ < x <∞} by integration over D1∩{y = 0}.
The proof of Lemma 14.2 establishes also the following local version:
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Lemma 14.3. Let D0 ⊂ D1 be such that

dist(D+
0 , ∂D

+
1 ∩ {y > 0}) ≥ c0 > 0.(14.5)

Suppose (W,F ) is a solution of (4.35)–(4.39) in D+
1 . Then

(i) If W ∈ L2(D1) and F ∈ L2(∂D+
1 ∩ R), then

(1 + ε|z|)‖∇2W‖L2(D+
0 ) + ‖∇4W‖L2(D+

0 )

+‖D7/2
x F‖L2(∂D+

0 ∩R) + |z|1/2‖D3
xF‖L2(∂D+

0 ∩R) + |z| ‖D5/2
x F‖L2(∂D+

0 ∩R)

≤ C(1 + ε|z|)‖W‖L2(D+
1 ) + C‖F‖L2(∂D+

1 ∩R) + C‖Q‖0,D+
1
,

(14.6)

where C is a constant depending only on c0 and on D0, D1;
(ii) If W ∈ L∞(D+

1 ) and F ∈ L∞(∂D+
1 ∩R), then

(1 + ε|z|)‖∇2W‖L2(D+
0 ) + ‖∇4W‖L2(D+

0 )

+‖D7/2F‖L2(∂D+
0 ∩R) + |z|1/2‖D3

xF‖L2(∂D+
0 ∩R) + |z| ‖D5/2

x F‖L2(∂D+
0 ∩R)

≤ C(1 + ε|z|) sup
D+

1

|W |+ C sup
∂D+

1 ∩R
|F |+ C‖Q‖0,D+

1
,

(14.7)

where C is a constant depending only on c0 and on D0, D1.

We define ‖µ‖X2(D
+
1 ) as in (5.2) with S

(2)
k replaced by D+

1 .

We shall need an analog of Lemma 14.3 for the elliptic problem

z∆W −∆2W = µ in D+
1 ,(14.8)

W (x, 0) = ∂yW (x, 0) = 0 on ∂D+
1 ∩ {y = 0}.(14.9)

We begin with an auxiliary estimate.

Lemma 14.4. If sup
D+

1

|W | <∞ then the solution of (14.8), (14.9) satisfies, for all

(x, y) ∈ D+
0 ,

|W (x, y)| ≤ Cy sup
D+

1

|W |+ C

|z|‖µ‖X2(D
+
1 )y| log y|,(14.10)

where C is a constant depending only on D0 and D1.

Proof. Consider first the case µ = 0 and letW1 = η1W , where η1 is a cutoff function
in D1, η1 = 1 in D0. Then

z∆W1 −∆2W1 = µ1,

where µ1 is a linear combination of

z∇W, zW, ∇3W, ∇2W,∇W and W.(14.11)

We can represent W1 by Green’s function ṼR (R = |z|1/2) as in [7, (8.12)], move

the derivatives in (14.11) from W into ṼR (as in [7]), and then use the estimates

on Dj ṼR to obtain the conclusion (14.10) (with µ ≡ 0).
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To establish (14.10) in the general case, where µ 6≡ 0, we introduce the special
solution

Wp(ξ, η) =

∫
R2

+

ṼR(ξ − λ, η, θ)µ(λ, θ)dλdθ,

where R = |z|1/2. By the proof of Lemma 4.2,

|Wp| ≤ C

|z|y| log y| ‖µ‖X2(D
+
1 ).

Consider the function

W̃ = W −Wp.

It satisfies

sup
D+

1

|W̃ | ≤ sup
D+

1

|W |+ C

z
y| log y| ‖µ‖X2(D

+
1 ).(14.12)

By the previous special case of Lemma 14.4,

sup
D+

0

|W̃ | ≤ Cy sup
D+

1

|W̃ |.(14.13)

Substituting (14.12) into the right-hand side of (14.13), and noting also that

sup
D+

0

|W | ≤ sup
D+

0

|W̃ |+ C

|z|y| log y| ‖µ‖X2(D
+
1 )

(by the same proof as for (14.12)), we get (14.10).

We now state an extension of Lemma 14.3 to the system (14.8), (14.9).

Lemma 14.5. Let W be a solution of (14.8), (14.9) such that sup
D+

1

|W | <∞. Then

∫
D+

0

|∇2W |2


1/2

≤ C

d
sup
D+

1

|W |+ C

|z|d‖µ‖X2(D
+
1 ),(14.14)

∫
D+

0

|∇4W |2


1/2

≤ C|z|
d3

sup
D+

1

|W |+ C

d3
‖µ‖X2(D

+
1 ),(14.15)

where d = |z|−1/2 and C is a constant depending only on D0, D1.

Proof. We first estimate the derivatives of the special solution Wp by using Lemma

4.1. Next we estimate the derivatives of W̃ = W −Wp by truncation, analogously
to the proof of Lemma 14.4; here the estimate (14.10) is used.

As a first step in the proof of Lemma 6.1 we shall prove:

Lemma 14.6. Under the assumptions of Lemma 6.1,

A = 0.(14.16)
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For simplicity we may assume that

‖(Wm, Fm)‖
Y

= 1.(14.17)

We also recall that

Rkm ≈ 1, |zm| → ∞,(14.18)

so that

Rkm |zm| � 1.(14.19)

The proof of (14.16) depends on several lemmas.
In the next lemma we shall require only the inequality

‖Qm‖X � 1

|zm|ε/2 .(14.20)

We shall need to work with the norms ‖(W,F )‖Y taken not over the entire strip
D = {−∞ < x <∞, 0 < y < 1} but only over rectangles

DR = {−R < x < R, 0 < y < 1}.(14.21)

We shall denote these norms by

‖(W,F )‖
Y,R

or, briefly, by ‖(W,F )‖
R
.(14.22)

Lemma 14.7. Suppose

|Wm| ≤ C

|zm|r3/2 if
M

|zm|1/2 ≤ r ≤ 1(14.23)

for some positive constants M , C. Then, for any constants N2 > N1 > 0,

|Wm| = o

(
1

|zm|r3/2
)

for
N1

|zm|1/2 ≤ r ≤ N2

|zm|1/2(14.24)

as m→∞.

Here, of course, Wm depends on the parameter zm.

Proof of Lemma 14.7. We first show that

‖(W,F )‖R ≤ C

|z|ε/2 for all R <
M

|z|1/2(14.25)

and some constant C (independent of z); here, for brevity, we have set W = Wm,
F = Fm, z = zm. Indeed, suppose (14.25) is not true, i.e.,

sup
R<M/|z|1/2

‖(W,F )‖R � 1

|z|ε/2 ,(14.26)

and denote by R = R∗m the value of R at which the supremum is achieved. Let

W̃ =
W

‖(W,F )‖R∗m
, F̃ =

F

|(W,F )‖R∗m
.

Then

‖(W̃ , F̃ )‖R ≤ 1 for all R <
M

|z|1/2 ,(14.27)

‖(W̃ , F̃ )‖R∗m = 1.(14.28)
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By (14.23), if M |z|−1/2 ≤ r ≤ 1 then

|W̃ |≤ C

|z|r3/2
1

‖(W,F )‖R∗m
=

C

|z|1−ε/2r3/2
1

|z|ε/2‖(W,F )‖R∗m
≤ C

|z|1−ε/2r3/2 (by (14.26)).

(14.29)

Without loss of generality we may assume that

R∗m|zm|1/2 → c > 0.(14.30)

Indeed, otherwise we have (for a subsequence) R∗m|zm|1/2 → 0, and we can proceed
as in the case (8.6) (c) to derive a contradiction to (14.28).

From (14.27), (14.30) it follows that

R2
k

∫−
Sk

|∇2W̃ |2
1/2

≤ C

g(Rk, z)
≤ C

(
1

|z|1/2
)−2ε

R
1
2 +ε

k if Rk <
M

|z|1/2 .

Since W (x, 0) = ∂yW (x, 0) = 0 if x > 0, we can apply the Poincaré inequality to
deduce that

|W̃ | ≤ C

(
1

|z|1/2
)−2ε

r
1
2+ε if r <

M

|z|1/2 .(14.31)

Recall that W̃ = W̃m(x, y) and F̃ = F̃m(x), and introduce the functions

Ŵm(x, y) = W̃m(R∗mx,R
∗
my), F̂m(x) = F̃m(R∗mx).

From (14.29), (14.31) we see that

|Ŵm(x, y)| ≤ C|zm| 14+ ε
2

r3/2
if 1 < r < Mm|zm|1/2 ,

|Ŵm(x, y)| ≤ C|zm| 14+ ε
2 r

1
2+ε if 0 < r < 1,

for some Mm such that Mm → M/c (c as in (14.30)) if m → ∞. The functions

Ŵm/|zm| 14 + ε
2 then converge to a function ϕ which satisfies

cω∆ϕ−∆2ϕ = 0 in R2
+

(
ω = lim

m→∞
zm
|zm|

)
,

with the boundary conditions (8.42)–(8.44) and

|ϕ(x, y)| ≤
Cr

−3/2 if r > 1,

Cr
1
2+ε if r < 1.

By Theorem 1.1 of [7] we conclude that ϕ ≡ 0.
We can now use truncations, as in §6, to deduce that the left-hand side of (14.28)

converges to zero as m→∞, which is a contradiction.
Having completed the proof of (14.25), we can now easily complete the proof of

Lemma 14.7. Indeed, from (14.25) we get, by the Poincaré inequality,

|Wm| ≤ C

|zm|ε/2
1

g(r, zm)
≤ C

|zm|ε/2
(

1

|zm|1/2
)−2ε

r
1
2 +ε
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if r < M/|zm|1/2, so that the function

W̃m(x, y) = Wm(ρmx, ρmy)

(
ρm =

1

|zm|1/2
)

satisfies

|W̃m| ≤ C|zm|−1/4r
1
2+ε if r < M.

On the other hand, from (14.23) we easily deduce that

|W̃m| ≤ C|zm|−1/4r
1
2−ε if M < r < |zm|1/2.

Applying to ϕ = lim
m→∞(|zm|1/4W̃m) the same Liouville theorem as before (Theorem

1.1 of [7]), we conclude that ϕ ≡ 0, so that

|zm|1/4W̃m → 0 uniformly for N1 ≤ r ≤ N2

if m→∞, and this is precisely the assertion (14.24).

In the next lemma we assume that (5.22) holds, so that

‖Qm‖X � 1

|zm|ε/2| log |zm| | .(14.32)

Lemma 14.8. If (Wm, Fm, Qm) satisfy (14.17) and (14.32) (and Rkm ≈ 1, |zm| →
∞) then, for any M > 0,

sup
M|zm|−1/2≤r≤1

[ |zm|r3/2|Wm| ] → 0 if m→∞.(14.33)

Since, by (6.16), (6.19),

lim
m→∞ r3/2zmWm = A sin

3θ

2
if r ≈ 1, δ0 ≤ θ ≤ π (δ0 > 0),

we then conclude that A = 0, and Lemma 14.6 follows.
Lemma 14.7 tells us roughly that |zm|r3/2|Wm| becomes o(1) if r is decreased

to ≈ |zm|−1/2. Lemma 14.8 says that this “smallness” is maintained as we go back
and increase r to r = 1. To prove it we shall work with averages of Wm and derive
for them an ODE, which will then be carefully studied in Lemma 15.1.

We introduce the average

ϕ(r) =

π∫
0

h0(θ, ε)W (r, θ)dθ =

π∫
0

h(θ, r)W (r, θ),(14.34)

where

W = Wm, z = zm, ε =
1

r|z|1/2 , h0(θ, ε) = h(θ, r);

ϕ depends on m, i.e., ϕ = ϕm, but to simplify the notation we shall usually drop
the index m.

The function h is chosen to satisfy

ε2hθθθϑ = hθϑ +
9

4
h, 0 < θ < π,(14.35)

and

h(0, r) = hϑ(0, r) = hθ(π, r) = 0.(14.36)
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Note that if ε = 0 then sin(3θ/2) is a solution of (14.35) with h(0, r) = hϑ(π, r) = 0.
As ε→ 0 any solution of (14.35)–(14.36) develops a singular layer at ϑ = 0.

In Section 15 we shall construct h explicitly and establish some estimates for its
derivatives with respect to ϑ and r.

Setting

L =
1

r

∂

∂r

(
r
∂

∂r

)
,

we compute
π∫

0

LW · hdϑ = L
 π∫

0

hWdϑ

−
π∫

0

(Lh) ·Wdϑ− 2

π∫
0

∂h

∂r

∂W

∂r
dϑ

and
π∫

0

Wϑϑhdϑ = [Wϑh−Whϑ]
π
0 +

π∫
0

Whϑϑdϑ

= h(π, r)Wϑ(r, π) +

π∫
0

Whϑϑdϑ

by (14.36). Hence
π∫

0

∆W · hdϑ = Lϕ+ S1(r),(14.37)

where

S1(r) =
h(π, r)

r2
Wϑ(r, π) +

1

r2

π∫
0

W (r, ϑ)hθϑ(θ)dθ −
π∫

0

Q1(r, ϑ)dϑ,

(14.38)

Q1 = (Lh) ·W + 2
∂h

∂r

∂W

∂r
.(14.39)

Next,
π∫

0

∆2W · hdϑ =

π∫
0

L(∆W ) · hdϑ+
1

r2

π∫
0

∂2

∂ϑ2
(∆W ) · hdϑ

and
π∫

0

∂2

∂ϑ2
(∆W ) · hdϑ = h(π, r)

∂

∂ϑ
∆W (r, π) +

π∫
0

∆W · hϑϑdϑ.

Since

L(∆W · h) = L(∆W ) · h+ 2
∂

∂r
∆W · ∂h

∂r
+ ∆W · L(h),

we also have
π∫

0

L(∆W ) · hdϑ = L
 π∫

0

∆W · hdϑ
−

π∫
0

Q2(r, ϑ)dϑ,
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where

Q2(r, ϑ) = 2
∂∆W

∂r

∂h

∂r
+ ∆W · L(h) .(14.40)

We conclude that

π∫
0

∆2W · h = L
 π∫

0

∆W · hdϑ
−

π∫
0

Q2dϑ

+
1

r2

h(π)
∂

∂ϑ
∆W (r, π) +

π∫
0

∆W · hϑϑdϑ
 .

(14.41)

Next, by (14.37)

L
 π∫

0

∆W · h
 = L2(ϕ) + L(S1(r)).

Also
π∫

0

∆W · hϑϑ =

π∫
0

L(W )hϑϑ +
1

r2

π∫
0

Wϑϑhϑϑ

=

π∫
0

L(W )hϑϑ +
1

r2
[Wϑ(r, π)hϑϑ(π, r) −W (r, π)hϑϑϑ(π, r)]

+
1

r2

π∫
0

Whϑϑϑϑ.

Using the last two relations in (14.41), we get an expression for
∫ π
0 ∆2W ·h, and

subtracting from it z
∫ π
0

∆W · h (which is computed by (14.37) and (14.38)), we
obtain

z

π∫
0

∆W · h−
π∫

0

∆2W · h

= z

L(ϕ) −
π∫

0

Q1 +
h(π, r)

r2
Wϑ(r, π) +

1

r2

π∫
0

Whϑϑ


− L2(ϕ) − L(S1(r))

+

π∫
0

Q2 − 1

r2
h(π, r)

∂

∂ϑ
(∆W )(r, π) − 1

r2

π∫
0

L(W )hϑϑ

− 1

r4
[Wϑ(r, π)hϑϑ(π, r) −W (r, π)hϑϑϑ(π, r)] − 1

r4

π∫
0

Whϑϑϑϑ.

(14.42)



3054 AVNER FRIEDMAN AND JUAN J. L. VELÁZQUEZ

Clearly

1

r

∂W

∂ϑ
(r, π) = −∂W

∂y
,

1

r

∂(∆W )

∂ϑ
(r, π) = − ∂

∂y
(∆W ) = − ∂3W

∂x2∂y
− ∂3W

∂y3
,

whence

1

r2
zh(π, r)Wϑ(r, π)− 1

r2
h(π, r)

∂

∂θ
(∆W )(r, π)

= −h(π, r)
r

[
2
∂3W

∂x2∂y
+ σ

∂3F

∂x3
− b(x)

]
(x = −r)

by the boundary condition (2.5) for W . Using also (14.35), we get from (14.42)

π∫
0

µhdϑ = z

π∫
0

∆W · hdϑ−
π∫

0

∆2W · hdϑ

= zL(ϕ)− 9z

4r2
ϕ− z

π∫
0

Q1(r, ϑ)dθ − L2(ϕ)− L(S1(r))

+

π∫
0

Q2(r, ϑ)dϑ − 1

r2

π∫
0

L(W )hϑϑdϑ

− 1

r4
[Wϑ(r, π)hθϑ(π, r) −W (r, π)hθϑϑ(π, r)]

−h(π, r)
r

[
2
∂3W

∂x2∂y
(r, π) + σ

∂3F

∂x3
− b(x)

]
.

(14.43)

We rewrite this equation in the form

z

(
L(ϕ)− 9

4r2
ϕ

)
= k(r, z) ≡ k(r)(14.44)

and set

f(r, z) = zϕ.(14.45)

Then

frr +
1

r
fr − 9

4r2
f = k(r),(14.46)
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where

k =

11∑
j=1

kj ,

k1 =

2π∫
0

µhdϑ, k2 = −h(π, r)
r

b(x), k3 =
h(π, r)

r
σ∂3

xF (x),

k4 =
1

r4
Wθ(r, π)hϑϑ(π, r), k5 = − 1

r4
W (r, π)hϑϑϑ(π, r),

k6 =
h(π, r)

r
2
∂3W (r, π)

∂x2∂y
, k7 = −

π∫
0

Q2(r, ϑ)dϑ, k8 = z

π∫
0

Q1(r, ϑ)dϑ,

k9 =
1

r2

π∫
0

L(W )hθϑdθ, k10 = L2(ϕ), k11 = L(S1(r)).

(14.47)

We already know from §6 that

r3/2zmWm → A sin
3θ

2
+ o(1)

uniformly in compact subsets of D; further, the first r-derivative converges in the
average sense (with respect to ϑ) because

|zm|

 ∫−
S

(1)
m

|∇2Wm|2


1/2

and sup
k
dkn|zm|

 ∫−
Qkn

|∇2Wm|2
1/2

are uniformly bounded. Consequently, if A 6= 0 then, for any r2 > r1 > 0,

f(r) =
Am

r3/2
(1 + o(1)),

f ′(r) = −3

2

Am

r5/2
(1 + o(1))

(14.48)

if 0 < r1 ≤ r ≤ r2 <∞, where Am → A if m→∞.
Observe that r±3/2 are solutions of the homogeneous equation (14.46). Hence,

by the variation of parameters formula,

f0(r) ≡ 1

3
r3/2

r∫
r0

s−1/2k(s)ds− 1

3
r−3/2

r∫
r0

s5/2k(s)ds+ ar−3/2 + br3/2

is the general solution of (14.46). We fix r0 positive and small enough and try to
choose a and b such that

f0(r0) = f(r0) and f ′0(r0) = f ′(r0),

i.e.,

ar
−3/2
0 + br

3/2
0 = f(r0),

−3

2
ar
−5/2
0 +

3

2
br

1/2
0 = f ′(r0);
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thus we shall have f0(r) ≡ f(r). Substituting f(r0), f
′(r0) from (14.48), we deduce

that the last system of equations can be solved with a 6= 0 and a = O(1), b = O(1),
and

f(r) =
1

3
r3/2

r∫
r0

s−1/2k(s)ds− 1

3
r−3/2

r∫
r0

s5/2k(s)ds

+ ar−3/2 + br3/2 for all 0 < r < r0,

a = am → a∗ 6= 0, b = bm → b∗ as m→∞.

(14.49)

Introduce

c∗ = sup
M/|z|1/2≤r≤1

{
sup

0≤θ≤π
[|z|r3/2|W (r, ϑ)|] + |z|r3/2|F (r)|

}
.

(14.50)

Since A 6= 0, c∗ = c∗m stays uniformly away from zero, say c∗m ≥ c0 > 0.

Completion of the proof of Lemma 14.8. Denote by r = R∗ = R∗m the value of r
where the “sup” is achieved in (14.50). Consider first the case where

|z|r3/2|F (r)| ≤ C sup
0≤ϑ≤π

[|z|r3/2|W (r, ϑ)|] at r = R∗,(14.51)

where R∗ = R∗m, z = zm, W = Wm. Then by applying Lemma 14.7 to W/c∗ we
deduce that

R∗m � M

|zm|1/2 .(14.52)

Introduce

W̃ (x, y) = W (Rx,Ry), F̃ (x) = F (Rx) for R|z| � 1.

Then

R2z∆W̃ −∆2W̃ = µ̃ in R2
+,

RzF̃ + β0F̃x − W̃x = ã if y = 0, −∞ < x < 0, etc.

We apply Lemma 14.3(ii) with ε replaced by R and z replaced by Rz. Taking
D0 and D1 to be concentric circles of radii 1

4 and 1
2 respectively, and with center

(−1, 0), we get

R2|z| ‖∇2W̃‖L2(D+
0 ) + ‖∇4W̃‖L2(D+

0 ) + ‖D7/2F̃‖L2(∂D+
0 ∩R)

+(R|z|)1/2‖D3
xF‖L2(∂D+

0 ∩R) +R|z| ‖D5/2
x F‖L2(∂D+

0 ∩R)

≤ CR2|z| sup
D+

1

|W̃ |+ C sup
∂D+

1 ∩R
|F̃ |+ C‖Q̃‖0,D+

1
.

(14.53)

From the definition of c∗ in (14.50) we get

|W̃ (x, y)| = |W (Rx,Ry)| ≤ c∗

|z|R3/2
in D+

1 ,

provided

2M

|z|1/2 < R <
1

2
.(14.54)
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The same bound holds for F̃ . Since further, by the definition of ‖Q‖
X

and g(R, z),

‖Q̃‖0,D+
1
≤ CR1/2Rε‖Q‖X,

we see that the right-hand side of (14.53) is bounded by

R1/2(Cc∗ + C‖Q‖XRε), or by CR1/2c∗

by (14.32). Therefore (14.53) yields

|z|R 3
2+2

 ∫−
S

(1)
R

|∇2W |2


1/2

≤ Cc∗,

R
3
2 +2

 ∫−
S

(1)
R

|∇4W |2


1/2

≤ Cc∗,

R
3
2 +1

∫−
JR

|D7/2
x F |2

1/2

≤ Cc∗,

|z|R 3
2+1

∫−
JR

|D5/2
x F |2

1/2

≤ Cc∗;

(14.55)

here S
(1)
R means S

(1)
k with Rk ≈ R, and JR is the corresponding Jk. By (14.50)

|z|R3/2

 ∫−
S

(1)
R

|W |2


1/2

≤ c∗,

and then, by interpolation,

|z|R 3
2+1

 ∫−
S

(1)
R

|∇W |2


1/2

≤ Cc∗.(14.56)

Similarly, by Lemma 14.4,

|z|R3/2

 ∫−
Qkn

|W |2
1/2

≤ Cc∗dkn
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(here we make full use of (14.32), i.e., including the log |zm| factor), and by Lemma
14.5 and interpolation we then get

|z|R 3
2+ 1

2

 ∫−
Qkn

|∇W |2
1/2

≤ Cc∗,

|z|R 3
2+1dkn

 ∫−
Qkn

|∇2W |2
1/2

≤ Cc∗,

R
3
2−1d3

kn

 ∫−
Qkn

|∇4W |2
1/2

≤ Cc∗,

(14.57)

where S
(2)
R is S

(2)
k with Rk ≈ R, and the Qkn form a partition of S

(2)
R into rectangles.

Having proved (14.55)–(14.57) for any R which satisfies (14.54), we can see upon
recalling (14.51) that we are in a situation similar to that of

Rkm � |zm|−1/2

studied in earlier sections. Indeed, we are in a situation similar to case (8.6)(a). It
will suffice to consider the case where the W ’s dominate the (W,F )-norm (if the F ’s
dominate the (W,F )-norm then we proceed precisely as in case (8.6)(a) in Section
9). We then have

zmWm ≈ Â

r3/2
sin

3ϑ

2
at r = R∗m,

where Â is a constant independent of m. Since by (14.51)

sup
0≤ϑ≤π

[|zm|r3/2|Wm(r, 0)|] ≈ ρc∗ at r = R∗m,

where ρ is a constant independent of m, it follows that

Â ≈ 2ρc∗

π
,

so that

zmWm ≈ 2ρ

π

c∗

r3/2
sin

3ϑ

2
at r = R∗m.(14.58)

To continue with the proof of Lemma 14.8 we need the following result.

Lemma 14.9. Set

fj(r) =
1

3
r3/2

r∫
r0

s−1/2kj(s)ds, f̃j(r) =
1

3
r−3/2

r∫
r0

s5/2kj(s)ds.

Then, for any M > 0,

|fj(r)| + |f̃j(r)| ≤ Cc∗
r3/2

1

(r|z|1/2)δ if
M

|z|1/2 ≤ r ≤ 1(14.59)

for 1 ≤ j ≤ 11 and some δ > 0.
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Suppose the lemma is true. Then we can complete the proof of Lemma 14.8 as
follows:

By Lemma 14.9 and (14.49) we see that, at r = R∗m, a∗r−3/2 is the dominant
term of f(r), i.e.,

f(r) ≈ a∗
r3/2

(14.60)

at r = R∗m. By comparison with (14.59) it follows that a∗ = ρc∗. Further,
by Lemma 14.9, the relation (14.60) continues to hold for smaller r’s up to r =
M/|zm|1/2 if M is a sufficiently large positive constant (independent of m). Con-
sequently

sup
0≤ϑ≤π

|zmWm(r, ϑ)| ≥ 1

2

ρc∗

r3/2
if r =

M

|zm|1/2 .

If we start the previous analysis with such an M (in the definition (14.50) of c∗),
then we also have

|zmWm(r, ϑ)| ≤ Cc∗

r3/2
if

M

|zm|1/2 ≤ r ≤ 1.

The last two inequalities are in contradiction to the assertion of Lemma 14.7.
So far we have assumed that (14.51) is satisfied. It therefore remains to consider

the case where

|z|r3/2|F (r)| � sup
0≤θ≤π

[|z|r3/2|W (r, ϑ)|] at r = R∗m, for z = zm,W = Wm.

(14.61)

We shall first consider the subcase where

2M

|zm|1/2 < R∗m <
1

2
,(14.62)

and introduce

W̃ (x, y) = W (R∗mx,R
∗
my), F̃ (x) = F (R∗mx).

We apply Lemma 14.3 with D0, D1 as above to appropriate truncations Ŵ =

W̃ ξ(x, y), F̂ = F̃ ξ(x, 0) and obtain (14.53) for Ŵ , F̂ , and then, by Sobolev’s in-
equality, we get

R2|z| sup
D+

0

|W̃ |+ |z|R sup
∂D+

0 ∩R
|F̃ |

≤ CR2|z| sup
D+

1

|W̃ |+ C sup
∂D+

1 ∩R
|F̃ |+ C‖Q̃‖0,D+

1

(14.63)

with R = R∗m and slightly different D0, D1; the detailed proof of (14.63) is given
at the end of this section. Using (14.61) we then get

|z|R5/2 sup
D+

0

|W̃ |+ c∗ ≤ C|z|R5/2 sup
D+

1

|W̃ |+ Cc∗

|z| +
C

R1/2
‖Q̃‖0,D+

1
+ o(1)

and the term with Q̃ is o(1), by (5.11). It follows (by (14.61)) that c∗ = o(1), a
contradiction.

Next we consider the case

M

|zm|1/2 ≤ R∗m ≤ 2M

|zm|1/2 .
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We cannot repeat the previous argument, since D1 goes outside the region where
the supremum c∗ is taken and, consequently, Lemma 14.3 cannot be used in the
same way. Proceeding differently, we recall that ‖(W,F )‖Y = 1. Since we are in
the case where |z|1/2|F (0)| is not a dominating term in the norm ‖(W,F )‖

Y
, it

follows that

|F (0)| ≤ C

|z|1/2 ,

and thus

R|z| |F (0)| ≤ C if
M

|z|1/2 ≤ R ≤ 2M

|z|1/2 .

By the definition of ‖(W,F )‖
Y

(see (5.6)–(5.9)) we have

R
1
2+ε|z|

∫−
Jk

|F − F (0)|2
1/2

≤ C

and

R−
1
2+ε‖W‖L∞(Sk) ≤ C| logR|

for R in the above range; here Jk and Sk have diameters ≈ R. It follows that∫−
Jk

|F |2
1/2

≤ C

R|z| and ‖W‖L∞(Sk) ≤
C| logR|
R−

1
2+ε

.

Applying (14.6) of Lemma 14.3 to (W (R∗mx,R
∗
my), F (R∗mx)) with ε and z replaced

by R∗m and R∗mz and using (14.32), we find (cf. (14.53) and the derivation of (14.63)
below) that

|z|R|F (R)| ≤ C

R|z| + CR2|z| | logR|
R−

1
2 +ε

at R = R∗m. Hence

|z|R3/2|F (R)| ≤ CR1−ε| logR|
and again c∗ = o(1), which is a contradiction.

Finally it remains to consider the case (14.61) with
1

2
≤ R∗m < 1. Since A 6= 0,

the right-hand side of (14.61) is ≥ const. > 0 at r = R∗m, and so

|zm| |F (R∗m)| → ∞ if m→∞.

On the other hand, the previous argument ((14.61) with M |zm|−1/2 ≤ R∗m ≤
2M |zm|−1/2) shows that

|zm|R∗m|F (R∗m)| ≤ C

R∗m|zm|
+ C|zm| sup |W |,

where the “sup” is taken over
1

4
< r < 2. Since the right-hand side is bounded, we

get

|zm| |F (R∗m)| ≤ C,

a contradiction.
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In the next section we shall prove Lemma 14.9, after which we shall briefly
complete the proof of Lemma 6.1 and also indicate the proof of Lemma 8.1.

Proof of (14.63). If we choose ξ such that ∂jyξ(x, 0) = 0 (1 ≤ j ≤ 3), then (Ŵ , F̂ )
satisfies

R2z∆Ŵ −∆2Ŵ = ξµ̃+ (R2z∂W̃ + ∂3W )∂ξ + · · ·
with

Ŵ (x, 0) = ∂yŴ (x, 0) = 0 if x > 0,

and

zRF̂ + β0F̂x − Ŵx = ξã+ ξx(β0F̃ − W̃ ),

3∂2
x∂yŴ +R2zŴy + ∂2

yŴ − ∂3F̂ = ξb̃+ ∂x∂yW̃ · ξx + 3∂yW̃ · ξxx,
Ŵxx − Ŵyy = ξc̃+ 2∂xW̃ · ξx + W̃ ξxx

if y = 0, x < 0.

Notice that the source contains terms like R2z∂W̃ , ∂3W̃ , F , R2zW̃ , ∂2W̃ , ∂2F̃

and lower order derivatives, but not RzF̃ . We can now follow the procedure used
in the proof of Lemma 14.2 to estimate derivatives successively. For instance, in
the first step we obtain estimates for

R2|z|

∫
R2

+

|∇Ŵ |2


1/2

,

 0∫
−∞

|∂F̂ |2


1/2

in terms of

R2|z| sup
D+

1

|W̃ |, sup
∂D+

1 ∩R
|F̃ | .

Thus, although ∂2F̃ is originally bounded only in H−2 (since we originally have

bounds only on sup |W̃ | and sup |F̃ |), we now get an estimate on ∂F̂ in H1.
We continue with three more iterations, and finally conclude that

R2|z| ‖∇2Ŵ‖L2(R2
+) + ‖∇4Ŵ‖L2(R2

+) + ‖D7/2F̂‖L2(R)

+(R|z|)1/2‖D3F̂‖L2(R) +R|z| ‖D5/2F̂‖L2(R)

≤ CR2|z| sup
D+

1

|W̃ |+ C sup
∂D+

1 ∩R
|F̃ |+ C‖Q̃‖0,D+

1
,

which is essentially (14.53) for (Ŵ , F̂ ). Actually we need to choose a different cutoff
function ξ for each of the four iterations, but this does not change the final estimate.

Since F̂ and Ŵ are compactly supported,

‖F̂‖L∞(R) ≤ C‖D5/2F̂‖L2(R) ,

‖Ŵ‖L∞(R2
+) ≤ C‖∇2Ŵ‖L2(R) .

Noting that Ŵ = W̃ , F̂ = F̃ in D+
0 and on ∂D+

0 ∩R respectively, we get (14.63).
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15. Completion of proof of Lemma 6.1; proof of Lemma 8.1

We begin the proof of Lemma 14.9 by first constructing a solution h to (14.35),
(14.36) having suitable behavior.

The general solution of (14.35) has the form

h0(θ, ε) = Aεe
r+1 ϑ +Bεe

r−1 ϑ + Cεe
r+2 ϑ +Dεe

r−2 ϑ

where

r+1 =

(
1 + (1 + 9ε2)1/2

2ε2

)1/2

=
1

ε
(1 +O(ε2)), a positive real number,

rr2 = −r+1 = −1

ε

(
1 +O(ε2)

)
,

r+2 =

(
1− (1 + 9ε2)1/2

2ε2

)1/2

=
3i

2

(
1 +O(ε2)

)
, pure imaginary,

r−2 = −r+2 = −3i

2

(
1 +O(ε2)

)
.

Setting for brevity h0(ϑ) = h0(ϑ, ε) and

ωε = |r+2 | =
3

2

(
1 +O(ε2)

)
, λε = r+1 =

1

ε

(
1 +O(ε2)

)
,

we can rewrite h0(θ) in the form

h0(θ) = Aε sin(ωεθ) +Bε cos(ωεθ) + Cε sinh(λεθ) +Dε cosh(λεϑ).

The boundary conditions h0(0) = 0, h′0(0) = 0 together with the choice Aε = 1 give
Cε = −ωε/λε and Dε = −Bε, and the condition h0(π) = 0 then becomes

Bε =
ωε
λε

sinh(λεπ)− sin(ωεπ)

cos(ωεπ)− cosh(λεπ)
.

Note that
ωε
λε

=
3

2
ε
(
1 +O(ε2)

)
.

and

Bε = −ωε
λε

(
1 +O(e−2λεπ)

)
=

3

2
ε
(
1 +O(ε2)

)
.

Using the relation sinhx− coshx = −e−x, we can then write

h0(ϑ, ε) = sin(ωεϑ) +
ωε
λε

(
e−2λεϑ − cos(ωεϑ)

)
+ ρε,(15.1)

where ρε is exponentially small together with its derivatives. Thus

h0(ϑ, ε) ≈ sin
3ϑ

2
+

3ε

2

(
e−

2ϑ
ε − 1

)
,(15.2)

where the second term is a boundary layer at ϑ = 0.

Lemma 15.1. The function h(ϑ, r) ≡ h0(ϑ, ε) satisfies (15.1) with ρε exponentially
small together with its derivatives in (ϑ, ε); consequently,

∂jh

∂rj
= O

( ε
rj

)
,
∂j+1h

∂rj∂ϑ
= O

(
1

rj

)
for j ≥ 1,

∂h

∂ϑ
= O(1), for 0 ≤ ϑ ≤ π

(15.3)
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and, for any δ > 0,

∂kh

∂ϑk
= O(1) if δ ≤ ϑ ≤ π.(15.4)

We shall need the following interpolation results:

Lemma 15.2. Let Q be a bounded domain in R2 with C2 boundary. Then, for any
function v in H3(Q),

sup
Q
|v| ≤ C

∫
Q

|v|2
1/2

+ C

∫
Q

|∇v|2
α/2∫

Q

(|∇v|2 + |∇3v|2)
β/2

,

(15.5)

and for any function v in H2(Q)

sup
Q
|v| ≤ C

∫
Q

|v|2
1/2+C

∫
Q

|v|2
α/2

∫
Q

(|v|2 + |∇2v|2)
β/2(15.6)

for any
1

2
< β < 1, α = 1− β, where C is a constant depending only on Q, β.

Remark 15.1. The lemma holds also if Q is a rectangle (and therefore also if Q is a
finite union of rectangles) since v can then be extended as an H3 (or H2) function
into a smooth domain which contains Q, without increasing the H3 (or H2) norm
by more than a multiplicative constant.

Proof. By Sobolev’s inequality

sup
Q
|v| ≤ C

∫
Q

|v|2
1/2

+ C

∫
Q

|∇v|p
1/p

∀p > 2.

If we now use the interpolation inequalities [4, Chap. 1, Sec. 9]∫
Q

|∇v|p
1/p

≤ C

∫
Q

|v|2
α/2∫

Q

(|v|2 + |∇2v|2)
β/2

and ∫
Q

|∇v|p
1/p

≤ C

∫
Q

|∇v|
α/2∫

Q

|∇v|2 + |∇3v|2
β/2

where β = 1 − 1/p to estimate the right-hand side, then the inequalities (15.5),
(15.6) follow.

Set W̃ (x, y) = W (rx, ry) for any small r. If we rewrite (14.55), (14.56) for W̃

and then apply (15.5) to v = ∇W̃ we obtain, after going back to ∇W ,

sup
S

(1)
r

|∇W | ≤ Cc∗

|z|r5/2 (r2|z|)β.(15.7)
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In the same way, by (14.55) and (15.6),

sup
S

(1)
r

|∇2W | ≤ Cc∗

r3/2
1

(r2|z|)1−β .(15.8)

Similarly, if we set W̃ (x, y) = W (ρknx, ρkny), where ρkn is the diameter of Qkn,
and use (14.57), we obtain (after using also the relations ρkn ≤ Cr, ρkn ≤ Cdkn)

sup
Qkn

|∇W | ≤ Cc∗

|z|r3/2dkn (r2|z|)β ,(15.9)

sup
Qkn

|∇2W | ≤ Cc∗

r1/2dkn

1

(r2|z|)1−β .(15.10)

We now proceed to estimate f̃j and fj for j = 1, . . . , 11.
From the definitions of g(R, z) and ‖Q‖X and the estimate (14.20) we see that

if r � |z|−1/2 then, in average,

|µ| ≤ C

|z|ε/2
r

1
2−ε

r4
in S(1)

r

and

|µ| ≤ C

|z|ε/2
r

1
2−ε

r3dkn
in Qkn

(⋃
n

Qkn = S(2)
r

)
,

where S
(i)
r = S

(i)
k with Rk ≈ r. Since |h(ϑ, r)| ≤ Cϑ, dkn ∼ y and ϑ ∼ y/r if x > 0,

we get

|k1| ≤ C

|z|ε/2
r

1
2−ε

r3

in r-average, i.e., averaging on intervals of length r/2 about r. Hence

|f̃1| ≤ Cr−3/2

r0∫
r

s5/2
ds

|z|ε/2s 7
2 +ε

≤ C

r3/2
1

(|z|1/2r)ε .

The same estimate is similarly derived for f1. Similarly we also establish the bound

C

r3/2
1

(|z|1/2r)1+ε
for f̃2 and f2.

Next, by interpolation and (14.55),∫−
Jr

|D3
xF |2

1/2

≤ C

∫−
Jr

|D7/2
x F |2

1/4∫−
Jr

|D5/2
x F |2

1/4

≤ Cc∗

r5/2|z|1/2 .

Hence for any r < ri < ri+1 < r0

ri+1∫
−
ri

|D3
xF | =

ri+1∫
−
ri

|DxF |2
1/2

≤ Cc∗

r
7/2
i |z|1/2

(ri+1 − ri) .
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Using this estimate, we deduce that

|f̃3| ≤ Cr−3/2

r0∫
r

s3/2|D3
xF |ds ≤ Cr−3/2c∗

∑
r<si<r0

si+1 − si
s2i |z|1/2

≤ Cc∗

r3/2
1

r|z|1/2 .

The same bound holds for f4.

f̃5 and f5 are estimated in the same way, using the fact that

r3/2|z| |W (r, ϑ)| ≤ Cc∗.

To estimate f̃6 we use integration by parts:

f̃6 = C0r
−3/2

r0∫
r

s5/2

s

∂3W (s, π)

∂s2∂y
ds

= C0r
−2/3

[
s3/2

∂2W

∂s∂y

]r0
r

−3

2
C0r

−3/2

r0∫
r

s1/2
∂2W (s, π)

∂s∂y
≡ I1 − I2.

By (15.8),

|I1| ≤ Cr−3/2 r3/2c∗

r3/2(r2|z|)1−β =
Cc∗

r3/2(r2|z|)1−β .

We can also estimate I2 by the same bound, so that

|f̃6| ≤ Cc∗

r3/2(r2|z|)1−β .

Similarly we can estimate f6 by the same bound.

To estimate f̃7, recall that

k7 = −
π∫

0

Q2(r, ϑ)dϑ, Q2 = 2
∂∆W

∂r

∂h

∂r
+ ∆W · L(h).

(15.11)

We begin with the term corresponding to 2
∂∆W

∂r

∂h

∂r
. Thus we have to estimate

2

3
r−3/2

r0∫
r

ds

π∫
0

s5/2
∂∆W

∂s

∂h

∂s
dϑ

=
2

3
r−3/2

 π∫
0

s5/2∆W
∂h

∂s
dϑ

r0
r

− 2

3
r−3/2

r0∫
r

ds

π∫
0

∆W
∂

∂s

(
s5/2

∂h

∂s

)
dϑ

≡ J1 − J2.

(15.12)

We first evaluate the parts J ′i of Ji where the ϑ-integration is over the interval

0 < ϑ <
π

2
; the points (s, ϑ) then belong to the domains S

(2)
k , so that (15.10) can
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be used in each ϑ-arc Λkn which belongs to Qkn. Using (15.3) we obtain

|J ′1| ≤
Cc∗

r3/2

∑ ∫
Λkn

r5/2

r1/2dkn

1

(r2|z|)1−β
ε

r
dϑ

=
Cc∗

r3/2
rε

(r2|z|)1−β
∑ ∫

Λkn

dϑ

y
,

where dkn ≈ y and y varies in the interval |z|−1/2 ≤ y ≤ r. Substituting

ϑ =
y

r
, dϑ =

dy

r
,

we find that ∑ ∫
Λkn

dϑ

y
=

1

r

r∫
|z|−1/2

dy

y
=

1

r
log(r|z|1/2)(15.13)

and, since ε = (r|z|1/2)−1 � 1,

|J ′1| ≤
Cc∗

r3/2(r2|z|)1−β .

Next, by (15.3) ∣∣∣∣ ∂∂s
(
s5/2

∂h

∂s

) ∣∣∣∣ ≤ Cs1/2ε.(15.14)

Hence, by (15.10),

|J ′2| ≤
C

r3/2

r0∫
r

ds
∑ ∫

Λkn

|∆W |s1/2εdϑ

≤ Cc∗

r3/2

r0∫
r

s1/2ε

s1/2(s2|z|)1−β ds
∑ ∫

Λkn

dϑ

dkn
(dkn ≈ y, ε = (s|z|1/2)−1)

≤ Cc∗

r3/2

r0∫
r

ds

(s2|z|)1−βs ,

where (15.13) and the fact that ε� 1 were used. It follows that

|J ′2| ≤
Cc∗

r3/2(r2|z|)1−β .

The same bounds can be obtained (more simply) for the interval
π

2
< ϑ < π by

using (15.8) instead of (15.10).

Finally, to estimate the term in f̃7 which comes from ∆W · L(h) (see (15.11)),
we proceed essentially as in the derivation of the estimate of J2.
f7 is estimated in a similar way.

We now turn to f̃8, f8, recalling that

k8 = zQ1 = L(h) · zW + 2
∂h

∂r
z
∂W

∂r
.
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Since

|L(h)| ≤ Cε

s2
=

C

s3|z|1/2 ,

the contribution to f̃8 coming from L(h) · zW is bounded by

Cr−3/2

r0∫
r

s5/2

s3|z|1/2
c∗

s3/2
ds =

Cc∗

r3/2(r2|z|)1/2 .

The contribution coming from 2∂rh · z∂rW is evaluated by first using integration
by parts:

r−3/2

r0∫
r

π∫
0

s5/2
∂h

∂s
z
∂W

∂s
dϑds

= r−3/2

π∫
0

[
s5/2

∂h

∂s
zW

]r0
r

dϑ− r3/2
r0∫
r

π∫
0

∂

∂s

(
s5/2

∂h

∂s

)
zWdϑds ≡ L1 − L2.

Since |∂h/∂s| ≤ Cε/s,

|L1| ≤ Cε
c∗

r3/2
=
Cc∗

r3/2
1

r|z|1/2 .

By (15.14) we also have

|L2| ≤ Cr−3/2c∗
r0∫
r

s1/2ε

s3/2
ds

(
ε = (s|z|1/2)−1

)
≤ Cc∗

r3/2
1

r|z|1/2 .

Thus, altogether,

|f̃8| ≤ Cc∗

r3/2
1

r|z|1/2 .

The same bound is similarly derived for f8.

To estimate f̃9 and f9 we first use integration by parts to write

k9 = − 1

r2

π∫
0

∂

∂ϑ
L(W ) · ∂h

∂ϑ
dϑ.

Then, by integration by parts in s,

f̃9 = −1

3
r−3/2

 π∫
0

(
s5/2

s2
1

s

)(
s
∂2W

∂s∂ϑ

)
∂h

∂ϑ
dϑ

r0
r

+
1

3
r−3/2

r0∫
r

ds

π∫
0

dϑ
∂

∂s

(
s−1/2 ∂h

∂ϑ

)
·
(
s
∂2W

∂s∂ϑ

)
≡ −M1 +M2.
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We first estimate the parts M ′
i of Mi where the ϑ-integration is over the interval

0 < ϑ <
π

2
. Since ∣∣∣∣s ∂2W

∂s∂ϑ

∣∣∣∣ ≤ s2|∇2W |,

using (15.10) we obtain

|M ′
1| ≤

Cc∗
r1/2

1

(r2|z|)1−β
∑ ∫

Λkn

1

dkn

∣∣∣∣∂h∂ϑ
∣∣∣∣dϑ.

Noting that dkn ≈ y, ∂h/∂ϑ = O(1) and substituting ϑ = y/r, dθ = (dy)/r, we
find, upon using (15.13), that the last integral is bounded by Cr−1 log(r|z|1/2).
Consequently,

|M ′
1| ≤

Cc∗

r3/2
1

(r2|z|)1−β′ for any β < β′ < 1.

Next, using (15.3) and (15.10) we get

|M ′
2| ≤

C

r3/2

r0∫
r

1

s3/2
s2c∗

s1/2(s2|z|)1−β ds
∑ ∫

Λkn

dϑ

dkn
.

By (15.13), the last integral is bounded by

1

s
log
(
s|z|1/2

)
,

and therefore

|M ′
2| ≤

Cc∗

r3/2

r0∫
r

ds

s(s2|z|)1−β′ ≤
Cc∗

r3/2
1

(r2|z|)1−β′

for any β < β′ < 1.

The same estimates can be obtained (more simply) for the interval
π

2
< ϑ < π,

and so

|f̃9| ≤ Cc∗

r3/2
1

(r2|z|)1−β′ .

Similarly we can estimate f9 by the same bound.

To estimate f̃10 we note that

k10 = L2(ϕ) =
1

r

∂

∂r

(
r
∂

∂r
L(ϕ)

)

=

π∫
0

∂4W

∂r4
h(ϑ)dϑ+

3∑
j=0

π∫
j=0

∂jW

∂rj
hj(ϑ, r)dϑ

≡ K +

3∑
j=0

Kj,

where hj are products of r-derivatives of h. It will be enough to estimate the term

f̃10 corresponding to K; the terms corresponding to the Kj can be estimated in the
same way (or a bit more simply in the case of K0, K1, and K2).
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By integration by parts we can write

f̃10 =
1

3
r−3/2

r0∫
r

ds

π∫
0

s5/2
∂4W

∂s4
hdϑ =

1

3
r−3/2

 π∫
0

s5/2h
∂3W

∂s3
dϑ

r0
r

− 1

3
r−3/2

r0∫
r

ds

π∫
0

∂

∂s
(s5/2h) · ∂

3W

∂s3
dϑ ≡ N1 −N2.

We proceed to estimate the terms N ′
i where the ϑ-integration is over 0 < ϑ <

π

2
.

By interpolation [9, p. 49]

 ∫−
Qkn

|∇7/2W |2
1/2

≤ C

 ∫−
Qkn

|∇2W |2
1/8 ∫−

Qkn

|∇4W |2
3/8

.

(15.15)

Using (14.57) we get  ∫−
Qkn

|∇7/2W |2
1/2

≤ Cc∗

|z|1/4rd5/2
kn

.

The same bound can be similarly established for (�Qkn
)|∇3W |2)1/2.

Hence, if `kn is any circular arc or a line segment in Qkn such that

length of `kn ≡ |`kn| ≥ c0ρkn,

where ρkn is the diameter of Qkn and c0 is a positive constant, then, by the trace
theorem,∫−

`kn

|∇3W |2
1/2

≤ Cc∗ρ1/2
kn

|z|1/4rd5/2
kn

≤ Cc∗

|z|1/4rd2
kn

(since ρkn ≤ Cdkn) .

It follows that ∫
−

Λkn

|∇3W |dϑ ≤ C

 ∫−
Λkn

|∇3W |2
1/2

≤ Cc∗

|z|1/4rd2
kn

,

and, since |h(ϑ, r)| ≤ Cϑ,

|N ′
1| ≤

Cc∗

|z|1/4
∑ ∫

Λkn

ϑdϑ

d2
kn

.

Substituting dkn ≈ y, ϑ = y/r, dϑ = (dy)/r, we get

|N ′
1| ≤

Cc∗

r3/2
1

(r|z|1/2)1/2 | log(r|z|1/2)| ≤ Cc∗

r3/2
1

(r|z|1/2) 1
2−γ

for any small γ > 0. Similarly, since∣∣∣∣ ∂∂s(s5/2h(ϑ, s))
∣∣∣∣ ≤ Cs3/2ϑ,
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we get

|N ′
2| ≤

Cc∗

r3/2

r0∫
r

s3/2

|z|1/4s

∑ ∫
Λkn

ϑdϑ

d2
kn

 ds
≤ Cc∗

r3/2|z|1/4
r0∫
r

s3/2

s3
| log(s|z|1/2)|ds =

Cc∗

r3/2
1

(r|z|1/2) 1
2−γ

for any small γ > 0. The parts of N1, N2 with
π

2
< ϑ < π can be estimated, more

simply, using (14.55) instead of (14.57). We conclude that

|f̃10| ≤ Cc∗

r3/2
1

(r|z|1/2) 1
2−γ

,

and the same bound can be obtained for all the other terms that make up f̃10.
Similarly one can estimate f10.

We next consider f̃11, f11, recalling that

k11 = L(S1(r)), S1(r) as in (14.38).

The terms corresponding to L(W (r, π)) can be estimated as in the case of k6. The
term corresponding to

L
 π∫

0

W (r, θ)hϑϑdϑ


can be estimated quite easily using pointwise estimates on W , ∂rW and ∂2

rW ,
noting that we have good bounds on the r-derivatives of h. All the estimates thus
obtained are of the form (14.59).

Completion of the proof of Lemma 6.1. Having proved Lemma 14.1, the proof of
Lemma 14.6 is now complete. Thus A = 0, and it remains to show that

B ≡ 0.(15.16)

Here we shall require the estimate

‖Qm‖X � C

|zm| ε2 + 1
2 | log |zm| |

.(15.17)

The proof of (15.16) is similar to that of Lemma 14.6, so we shall only describe it
briefly.

First we need to replace Lemma 14.7 by the following lemma.

Lemma 15.3. Suppose

|Wm| ≤ C

|zm|r1/2 if
M

|zm|1/2 ≤ r ≤ 1(15.18)

for some positive constants M,C. Then, for any constants N2 > N1 > 0,

|Wm| = o

(
1

|zm|r1/2
)

for
N1

|zm|1/2 ≤ r ≤ N2

|zm|1/2(15.19)

as m→∞.
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Proof. The proof is based on the following estimate (cf. (14.25)):

‖(W,F )‖R ≤ C

|z| ε2+ 1
2

for all R <
M

|z|1/2 .(15.20)

We establish this bound by contradiction: If (15.20) is not true then (with the same
notation as in the proof of (14.25)) we derive the inequalities

|W̃ | ≤ C

|z|1− ε
2− 1

2 r1/2
(cf. (14.29))

and

|W̃m(x, y)| ≤ C|zm| 14+ ε
2

r1/2
if 1 < r < Mm|zm|1/2.

Also

|W̃m(x, y)| ≤ C|zm| 14 + ε
2 r

1
2+ε if 0 < r < 1,

and we then conclude that the sequence Ŵm/|zm| 14+ ε
2 converges to a function ϕ

which is identically zero by [7, Theorem 1.1]. We can then proceed to derive a
contradiction by using the same argument as in Lemma 14.7.

Having proved (15.20) we deduce, by the Poincaré inequality, that the functions

W̃m(x, y) = Wm(ρmx, ρmy)

(
ρm =

1

|zm|1/2
)

satisfy

|W̃m(x, y)| ≤ C|zm|− 3
4 r

1
2+ε if r < M.

On the other hand, (15.18) yields

|W̃m(x, y)| ≤ C|zm|− 3
4 r

1
2−ε if M ≤ r ≤M |zm|1/2,

and these two estimates lead (by means of [7, Theorem 1.1]) to the assertion (15.19).

Next we establish an analogue of Lemma 14.9:
If (14.17) and (15.17) hold, then

sup
M|zm|−1/2≤r≤1

[
|zm|r1/2|Wm|

]
→ 0 if m→∞.(15.21)

Once this is proved, the assertion (15.16) follows.

Proof of (15.21). We define the function h a little differently than before, namely,
h satisfies the differential equation

ε2hθϑϑϑ = hθϑ +
1

2
h, 0 < ϑ < π,(15.22)

and the boundary condition (14.36).

Analogously to (14.50) we define

c∗ = sup
M/|z|1/2≤r≤1

sup
0≤ϑ≤π

[
|z|r1/2|W (r, θ)|+ |z|r1/2|F (r)|

]
.
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Assuming B 6= 0 we deduce that c∗ ≡ c∗m stays away from 0, uniformly in m. We
proceed to derive analogously to (14.55) and (14.56) the estimates

|z|R 1
2+1

 ∫−
S

(1)
R

|∇W |2


1/2

≤ Cc∗,

|z|R 1
2+2

 ∫−
S

(1)
R

|∇2W |2


1/2

≤ Cc∗,

R
1
2+2

 ∫−
S

(1)
R

|∇4W |2


1/2

≤ Cc∗,

R
1
2+ 3

2

∫−
JR

|D7/2
x F |2

1/2

≤ Cc∗,

|z|R 1
2+ 3

2

∫−
JR

|D5/2
x F |2

1/2

≤ Cc∗,

(15.23)

and, analogously to (14.57), the estimates

|z|R 1
2+ 1

2

 ∫−
Qkn

|∇W |2
1/2

≤ Cc∗,

|z|R 1
2+1dkn

 ∫−
Qkn

|∇2W |2
1/2

≤ Cc∗,

R
1
2−1d3

kn

 ∫−
Qkn

|∇4W |2
1/2

≤ Cc∗.

(15.24)

The relations (14.43), (14.44) remain the same with one minor change:

9

4r2
ϕ is replaced by

1

4r2
ϕ.

Consequently,

frr +
1

r
fr − 1

4r2
f = k(r)

with the same k(r) as before. We can represent f in the form

f(r) =
1

2
r1/2

r∫
r0

s1/2k(s)ds− 1

2
r−1/2

r∫
r0

s3/2k(s)ds+ ar−1/2 + br1/2,

where a ≡ am, b ≡ bm are uniformly bounded constants, and am stays uniformly
away from zero (as m→∞).
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The proof of Lemma 14.9 can now be extended (using (15.23), (15.24)) to con-
clude that (14.59) holds with

Cc∗

r3/2
replaced by

Cc∗

r1/2
,

and this leads to a contradiction, as before, which completes the proof of (15.21).

Proof of Lemma 8.1. Lemma 6.1 deals with the case Rkm ≈ 1, whereas Lemma 8.1
deals with the case

Rkm → 0, while Rkm |zm|1/2 � 1.

If we rescale by introducing

W ∗
m(x, y) = W (Rmx,Rmy), F ∗m(x) = Fm(Rmx),

then the proof of Lemma 6.1 can be applied with minor changes.

Remark 15.2. One can also prove Lemma 5.1 without the factor log |z|: Indeed, we
may proceed as before except that we shall now have a weaker estimate on |∇W |
in (14.57) and (15.24), namely,

|z|Rα

| log dkn|

 ∫−
Qkn

|∇W |2
1/2

≤ Cc∗,

where α =
3

2
and α =

1

2
respectively. This weaker estimate, however, does not

change any of the subsequent estimates. As a consequence, Lemma 11.2 and the
existence results in Sections 12,13 also remain valid when the factor log(|z|+ 1) is
dropped.
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