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TIME-DEPENDENT COATING FLOWS IN A STRIP, PART I:
THE LINEARIZED PROBLEM

AVNER FRIEDMAN AND JUAN J. L. VELAZQUEZ

ABSTRACT. This work is concerned with time-dependent coating flow in a
strip 0 < y < 1. The Navier-Stokes equations are satisfied in the fluid region,
the bottom substrate y = 0 is moving with fixed velocity (U,0), and fluid is
entering the strip through the upper boundary y = 1. The free boundary has
the form y = f(x,t) for —oo < < R(t), where R(t) is the moving contact
point. Our objective is to prove that if the initial data are close to those of
a stationary solution (the existence of such a solution was established by the
authors in an earlier paper) then the time-dependent problem has a unique
solution with smooth free boundary, at least for a small time interval. In this
Part I we study the linearized problem, about the stationary solution, and
obtain sharp estimates for the solution and its derivatives. These estimates will
be used in Part II to establish existence and uniqueness for the full nonlinear
problem.

1. FORMULATION OF THE PROBLEM

In this work we consider a time-dependent coating problem in the 2-dimensional
strip

D={-o0o<z<o00,0<y<l1}.
We denote the free boundary by
y= f(z,t), —oo<z<R();
thus, (R(t),0) is the starting point of the free boundary at time ¢ (also called the
contact point),
0< f(z,t) <1 for —oo<uz<R(),
f(R(t),t) =0,

and the fluid region is

Qf ={(z,t) € D,y > f(z,t) if —oo <z < R(t)}.
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We seek a free boundary y = f(z,t), and velocity ¥ and pressure p defined in
Qy, such that:
(1.1) U+ (U-V)U=A0—Vp in Qy,
(1.2) V-v=0 in Qy,
(1.3) G=U+ef(x,t) ony=1,
4)

(1.

and

(L5) T(5.p)ii = ox(f)i on {y=f},

(1.6) v-i=Vy on{y=/f}k

we also prescribe initial conditions:

(1.7) 3@y, 0) = Fo(z,y), £(2,0) = folw) with R(0) = Ro.

Here ¢ = (v1,v2),
T(V,p)ij = (Oivj + 95v;) — pbsj
is the stress tensor (note that dyv; + (v'- V)v; = 32, 9;T;; by (1.1), (1.2)), 7 is the
outward normal:
R 1
= ———(fz, —1),

VT2

k(f) is the curvature:

_ frr
fi(f) - _(1 ¥+ wa)g/Qa
Vi is the velocity of the free boundary:

fe

U = (U,0) is a given uniform velocity in the z-direction, U > 0, and ¢ is a positive
constant (1/c is called the capillary number).

In a previous paper [6] we considered the corresponding stationary problem and
established existence and uniqueness provided ¢ is small. In the present work we
shall establish existence and uniqueness for (1.1)—(1.7) for small time, say 0 < ¢ < T,
provided the initial data lie in some small neighborhood of a stationary solution.
This result implies that the stationary solution established in [6] is stable, at least
for some small time interval.

In Part I we consider the linearization of (1.1)—(1.7) about a stationary solution
with velocity close to (U,0). The computation leading to this linearized problem
will be described in Part II, where the full nonlinear problem (1.1)—(1.7) will also
be studied. [For the stationary problem, the linearization was derived in [5] and
6]

The linearization involves several change of variables and, in particular, the
transformation x — x — R(t) which fixes the contact point of the free boundary at
the origin. Another simplification is obtained by subtracting from the solution a
fixed function which satisfies the boundary conditions at y = 1.

If we introduce the stream function ¢(x, y,t) for (z,4) € D and the free boundary
y = f(x,t) for —oo < x < 0, the linearized problem then consists of the following

Vy = —
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system:
0 2 :
(1.8) gAgo — A% = ug(x,y,t) in D,
(1.9) g—i:g—izo it y=1—0c0 <z < o0,
(1.10) %:g—jzo ify=0,0<z < o0,
d 0 0 :
(1.11) 8—{+50£—8—‘§=a0(x,t) if y=0,2<0 (Bo>0),
83@ 83@ o3 f 82g0 .
(112) 381328 + 8—y3 0@ — 8y8t = bo(l’,t) if y=0,2<0,
2 62
(1.13) %—a—yf:co(x,t) if y=0,2<0
for t > 0, with initial conditions
(1.14) p(2,9,0) = wo(z,y), [f(z,0) = folz),

where o, ag, bo, co, po, fo are given functions.

Actually, By is a function of ¢, but we prefer to study the problem for Gy fixed, and
to consider (y(t) a perturbation of the constant 3y (as will be done in Part IT). We
have also refrained from adding the condition f(0,¢) = 0 to the linearized problem;
this condition will be imposed in Part II in order to determine the unknown function
R(t) which does not appear in the linearized problem.

In this paper we prove that the system (1.8)—(1.14) has a global solution (¢, f),
which is unique in some sense, and we derive precise estimates for the solution in
terms of the data. These estimates will be used in Part II in order to solve the full
nonlinear problem (1.1)—(1.7).

For clarity we shall first (§§2-12) consider the system (1.8)—(1.14) for zero initial
data:

(1.15)
,U,()(ZE,y,O) =0, aO(sz) =0, bO(sz) =0, Co(ZE,O) = 07‘)00(17’74) =0, fO(‘T’) = 0.

The case of general initial data will be considered in Section 13.

The structure of the paper is as follows:

In §2 we take the Laplace transform of the linearized problem, thereby obtaining
an elliptic boundary value problem for (W, F') in D which depends on a complex
parameter z; here W and F are the Laplace transforms of ¢ and f, respectively.
As a preliminary step we derive an energy equality for this system. In §3 we prove
that the system has a solution (W, F') for any z > 0 and establish uniqueness for
any complex z with Re z > 0. The estimates that are obtained in §3, however, are
not strong enough to enable us to extend the existence results to Re z > 0.

The main subsequent effort is to derive stronger estimates that enable us to (i)
establish existence of (W, F) for all z with Re z > 0, and (ii) take the inverse Laplace
transform of (W, F') in order to obtain a solution of (1.8)—(1.15). These estimates
are stated in Section 5 (Lemma 5.1), and their proof is given in Sections 6-10 and
14, 15 (which may be viewed as an “appendix”). The estimates are semi-local in
the sense that they involve local W7P norms with weights that depend on both |z|
and the distance R to the origin. The relative size of R with respect to |z| plays a
crucial role. The derivation of the estimates employs elliptic W77 estimates (with
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weights which depend on |z]) for elliptic problems for a pair (W, F') with boundary
conditions at y = 0 which are either of the form

W=9,W=0 forall —oo<z<o0,
or of the form
2F + Bo0: F — 0, W = a(x) , 3020,W + O3W + 002 F — e20,W = b(x);
BoW — OFW = () forall —co <z < 0.

These estimates are derived in Section 4 and in [7, Section 13|, respectively. In
the various stages of the proof of Lemma 5.1 we also make use of Liouville type
theorems established in [7].

In §11 we extend the a priori estimates of Lemma 5.1, and in §12 we use these
estimates together with the existence results for z > 0 (established in §3) to extend
the existence proof to all complex z with |z| > 1, Re z > 0. Then, by taking the
inverse Laplace transform, we obtain a unique solution to (1.8)—(1.15) satisfying
appropriate estimates.

In Section 13 we extend the results of the paper to the case of general initial
conditions.

2. THE LAPLACE TRANSFORM OF THE LINEARIZED PROBLEM

We introduce the Laplace transform
k(t) — /e_Ztk(t)dt
0

and denote by W, F, u,a, b, c the Laplace transforms of ¢, f, ug, ag, bg, co, respec-
tively. The functions W, F' then satisfy:

(2.1) AW — AW = p(x,y,z) in D,
(2.2) %_IZ/:%_V;:O if y=1, —co <z < o0,
(2.3) Wz%—l/;:() if y=0,z>0,
(2.4) zF + 602—1; — %—Z/ =a(z,z) if y=0, z<0,
(2.5) 38?29; + (983;3[/ + U(ZZI;—‘ — Z(?@_Vy[/ =b(x,z) if y=0, x2<0,
(2.6) %2712/ — G;TZV =c(z,z) if y=0,z<0.

We shall presently study (2.1)—(2.6) under the assumptions that, for some small
€0 >0,

1
2.7 a(z,z)=0, b(z,z) =0, ¢(z,2) =0 if x>-¢ or z<——,

1
(2.8) wlz,y,z)=0 if |z| > e
0



TIME-DEPENDENT COATING FLOWS IN A STRIP 2985

We first reduce the system to one for which a = b = ¢ = 0. To do this we
construct functions H(z,y, z), B(x, z) satisfying the same boundary conditions as
W, F and supported in {—1/¢; < x < —¢1}, for some 0 < €1 < €.

Suppressing the parameter z, we choose H to have the form

(2.9) H(z,y) =~(2) + ==y + )
Then we need to require that
oB 0y
(2.10) zB(x) + ﬂo% e a(x),
0B
0%y
(2.12) e Az) = ¢(z).

We choose B(z) to be a function supported in {—1/e; <z < —e;}, such that

0 0
(2.13) / 2B(x)ds = / o(x)dz,

and set

a(z) = zB(z) + ﬁog—f.

Then @ is supported in {—1/¢; <z < —e1} and, by (2.13),

0 0
/E(x)dx: /a(x)dw.

Equation (2.10) is satisfied if v/0x =@ — q, i.e., if

0

1(@) = [ (0

x

observe that the support of v(z) is contained in {—1/¢; < < —e;1}. Finally, if we
define 6(x) and A(x) directly by (2.11) and (2.12), then these functions vanish if
x> —¢ and if . < —1/¢;.

Let ¢ be a cutoff function which equals 1 in an (e /2)-neighborhood of the interval
{y =0,-1/e1 < x < —e1} and vanishes outside a (3e1/4)-neighborhood of this
interval, and define

(2.14) W=W—(CH, F=F—B.
Then W, F satisfy the system (2.1)-(2.6) with a = b = ¢ = 0 and a new p which

still satisfies (2.8), with a different €g. It will be convenient to write this system in
detail, but for the sake of simplicity we drop the “””. Thus, the reduced system is
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the following:

(2.15) 2AW — AW = p(z,y,2) in D,

(2.16) %—Z/:%—V;:O for y=1,—0c0 <z <00,

(2.17) W:aa—zfz() for y=0,z>0,

(2.18) ZF+60(3_§_85_2/:0 for y=0,2<0,

(2.19) 3(;2:2; + 6;;?[)/ + agz;g - Z%_Vy[/ =0 fory=0,z<0,
(2.20) %ZTV;/—&;TVZ:O for y=0,2<0.

In order to gain some understanding of the underlying structure of the boundary
conditions of the linear system (2.15)—(2.20), we proceed formally to derive an
energy equality. For simplicity we assume that z > 0; then W may assumed to
be real valued. Multiplying (2.15) by W and integrating over D, we get, after
integration by parts,

[

D

/W(zAW — A%W)
D

0
(2.21) = / {WQAW - a—WAW — zWa—W dz
oy oy 9 |,—o

y [Z W2 - D/ (AW,

we have assumed here that W is “appropriately” decaying as |z| — oo.

Next,
0
82W82W__/8W W _/8W82W +/ *w \*
N 0x 0xdy? Oxdy
D — 00 D

0z Oy? Oz 0xdy
D

y=0
so that
(2.22)

0
9*W PW\ > PW > oW W
2 _ _
Jew) ‘/l(ax2)+<ay2) ”(axay) 2 | or ow0y
D D

y=0

By integration by parts

0 0
ow 0w 0*W oW
2.2 2 -— = — — d
(2.23) Ox Ozdy 0x2 Oy v
—o0 Y= —0o0 y=0
and by (2.20)
/ oW / oW 9*°wW
2.24 —A =2 _——
(2.24) / Oy Wi de Oy Ox2
—00 y=0 —00 y=0
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Substituting (2.22) into (2.21) and using (2.23), (2.24), we find that

/uW / { AW—za—W} da:—/z|VVV|2
dy =0
D
_/ PWNE L (PWN (P
Ox2 Oy? Oxdy '
D

Next, by integration by parts,

(2.25)

0
*W W [ (PW\? ow oW
0x? oy? Oxdy Oz 0xdy S *
(2.26) P v B !
B / W / W
N Oxdy 0x20y -
D — 00 y:O

This enables us to rewrite (2.25) in the form

/uW / [ AW—zaa—WH d;v—z/|VW|2
vl J

D
/ a2W PW PWN\> 02w 2w
- . +4 —2
ox? oy? Oxdy ox? Oy?
T O’W
+2 / w ;v28y dx

83W PW ow 5
_/W[38x28y+83 za—yH de—z/|VW|
y= D

/ PW 2w 2+4 2w\ ?
Ox2 Oy? Oxdy '
D
Using the boundary condition (2.19) we then arrive at the equation

*w  Pw\’

- 4 2
[\ - 5) waam) | o= frow
D

/ 83F
+ o / W— dr = —/uW

D

(2.27)
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Finally, by integration by parts and (2.18),

0 0
0*F oW 9°F
—0o0 y=0 —o0 Y=
(2.28)
0

B oF 1 OF(0,2) .,
=0 / Z(%) ) dx + 5050(T) ;

—00 Y=

where we have also used the fact that, since W, (z,0) = 0, zF + §00,F = 0 at
z=0, y=0.

Substituting (2.28) into (2.27) we get:

Energy Equality:

(2.29)
W Pw\? 9*w\?
/Kax ) ) | 2 v
D D

0
OF ? OF(0,2)\>
+ oz / <%> dz + %aﬁo <%) = —/uW
—00 D

Recalling that 8y > 0, we see that each term on the left-hand side in nonnegative.
This equality then provides a formal proof of uniqueness in case z > 0. By Korn’s
inequality [3, pp. 110-113] the first integral on the left-hand side of (2.29) controls
all the second derivatives of W in L?(D). This suggests a proof of existence in a
suitable function space. In the following section we shall, in fact, prove existence
for z > 0, and uniqueness for any complex z with Re z > 0,

3. EXISTENCE (z > 0) AND UNIQUENESS (Rez > 0)

The Lax-Milgram theorem does not seem to provide a convenient framework
for proving existence for the system (2.15)—(2.20). We shall instead use a duality
argument.

We suppose for now that z is a positive real number.

Denote by A the class of all smooth pairs (W, F') compactly supported in D away
from the origin and satisfying the boundary conditions (2.16)—(2.20). To each pair
(W, F) in A we associate a function p by (2.15).

Lemma 3.1. The set of functions u is dense in H=*(D).
Proof. Suppose the assertion is not true. Then there exists a ¢ in H*(D) such that

(3.1) 0#0 and /tpuzO V(W,F) € A,
D

where the integral is understood by the duality between H* and H~*. Since p is
smooth, we can rewrite the last equation in the form
(3.2) /(ZAW — A*W)p =0.

D
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If we integrate by parts we obtain boundary integrals, on y = 1,

T o 7 9o
/8—y(AW)-<p dx + /(AW)a—y dx,

y=1 - y=1

and other integrals either over D or over y = 0. The only restrictions on W at
y =1 are
ow ow
— =0 and —— =
Ox Jy
We can therefore choose W such that

0.

W= @(@/—1)”@@—1)3 near y =1,

where ¢(x),d(x) are arbitrary, and truncate W appropriately, away from y = 1.
Since AW = ¢(x), a—yAW = d(x) at y = 1 and ¢(z),d(x) are arbitrary, we
deduce that

0
(3.3) @:a—jzo aty =1,z €R.
Similarly,
0
(3.4) @:8—‘;’:0 at y=0,2>0.
From the arbitrariness of W in D we also deduce that
(3.5) 2Ap— A%’ =0 in D.

Next we proceed to identify the boundary conditions for ¢ on y = 0, = < 0.
Integrating by parts in (3.2) and using (3.3)—(3.5), we get

0 0
ow 9 dp dp
/ [z 9y 8y(AW)] pdx + / {zW dy AW By dz

0

0
ow 0
+/a—yA<pdx—/W6—y(Atp)dx—0,

where all the integrands are evaluated at y = 0. We shall take W such that
d
(3.7)  W(z,y) = a(z) + blx)y + C(Tx)gf + %)f for y near 0,z < 0,
and F,a,b,c,d are compactly supported away from the origin. In order for (W, F')

to belong to A we need to impose the following boundary conditions at y = 0,
z <0

oF  Oa
(3.8) zF(z) + HO% = 0,
9%b PF
(3.9) 3@ +d(z) + i zb(z) = 0,
2
(3.10) 04 _ (@) =o.

da?
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These equations are satisfied if we choose F(z) and b(z) arbitrary functions, and
a, ¢, d such that

0 oF
(3.11) 8—Z =2F(z) + o a(0)=0,
0%a 8 0*F
(312) C(ZZ?) = @ ﬂo On2’
OPF 9%b

If we choose F' and b compactly supported away from the origin and f?oo F(z)dx
= 0, then the the functions a, ¢ and d are also compactly supported away from the
origin.

Substituting (3.7) into (3.6), we obtain

/O [Zb(‘”) - <g—zf; + d(w))} pl,0)dz

+_/0 [za(:t) —~ <gQ2 + c(x ))] g—syp(%o)df
+ /0 b(z)Ap(, 0)dz - Z a(x)%Anp(x,O)da: —0

or, by (3.9), (3.10),
0

0
b PF
—/ [2@4—0%] (p($,0)d$+/b($)A(p($,0)d$

(3.14) ) .
+f [zam zgﬁ} 2D o~ [ ate) - Bpa.0)ds =0

—0o0 —0o0

Choose first F' = 0; then a = ¢ = 0 (by (3.11), (3.12)), so that (3.14) reduces,
after integration by parts to

-2 / b(x d + / b(x)Ap(x,0)dx = 0.
Since b(x) is arbitrary, we find that
¢ 9?p
1 — 5~ 5 =0 fory= :
(3.15) 057 022 0 fory=0,2<0

Next we choose b(z) = 0 in (3.14), and integrate by parts to obtain
(3.16)
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We define a function H(z) by

0H &p
" oz

/ */< o

— 0o — 0o

0

2
= / <2F(gc) + Bo Z_F) 88 dew (by integration by parts)
x x

(3.17) zH — ﬂo for <0, H()=0.

Then

— 00

SH
=-— / a(x)%?dx (by (3.11) and integration by parts).

— 0o

Substituting this into (3.16), we conclude that

0
0PH dp o oAt
- / a(x)de + / a(x)[za—y o 38$28y](x,0)d:10 =0.

— 00 — 00

Since a is determined by (3.11) whereas F' is arbitrary subject to fi)oo F =0, for
any —oo0 < xg < 0 and small ¢ > 0 we can choose F' such that a(z) is uniformly
bounded if |z — x| > € and a(x) = 6(x — x0) if |x — x¢| < €, where § is the Dirac
function. It then follows, from the last equation, that

Do Dy 0 83H

1 SN S Tk
(3.18) oy " 9y “ox2ay  ° 0x®

=0 for y=0,z<0.

Having proved that ¢ and H satisfy (3.5) and the boundary conditions (3.3),
(3.4) and (3.15), (3.17), (3.18), we can proceed to derive the energy equality, as
in §2. The fact that ¢ € H*(D) provides the “appropriate decay” of ¢ at the
origin and at x = oo which is needed to justify the various integrations by parts.
The only difference is that [y is now replaced by —0y, so that the energy equality

becomes
o %9\ %0\ 5
/[(%‘W) (amy) | 2179
D D

0
OH\> 1 dH(0)\*
+oz / <%) . d(ﬂ — 50'60 (W) = 0.
_ y=

(3.19)

The asymptotic behavior of ¢ as r — 0 depends on the highest derivatives of ¢
in the boundary conditions. Thus, in view of (3.17), the effect of o(8°H/dz3) in

(3.18) is the same as that of —61(83@/8;103). But then the principal part in this
0
boundary condition coincides with that of the corresponding stationary problem

studied in [6]. We can therefore apply (as in [6]) the results of [5, §6] to deduce an
asymptotic behavior of ¢ near the origin. Since ¢ € H*(D), the first term in the
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asymptotic expansion is const.r®/2. It follows that

0H(0)
ox

Therefore we deduce from (3.19) that ¢ = 0, which is a contradiction to (3.1). O

lo| < Cr®2,  sothat (by (3.17)) |H| < Cr3/? and =0.

We need an improvement of Lemma 3.1:
Lemma 3.2. The set of functions u is dense in H=2(D).

Proof. We proceed as before to derive a contradiction to (3.1) with ¢ € H?(D), ¢ #
0. First we derive the elliptic equation (3.5) and the boundary conditions (3.3),
(3.4) in a weak sense, as before. By elliptic theory [9] it then follows that ¢ is a
smooth solution in D, satisfying the boundary conditions at y = 1 in the classical
sense. The same is true of the boundary conditions at {y = 0,z > 0}. As for
{y = 0,z < 0}, using (3.17) we can formally write the boundary condition (3.18)
in the form

oAt oAt o Py

Dy + 38x28y YT A, where
(3.20) 5 92 5 0

_ 0 oz | Pp 200 2 [ gy,

A= "B | 02 hor TR /e el
Equation (3.5) with the boundary conditions (3.15), (3.20) (for a given A) form a
coercive elliptic boundary value problem at y = 0, x < 0. Viewing the term A as an
inhomogeneous boundary term and using elliptic regularity for solutions satisfying
the boundary conditions is a weak sense [9], we can bootstrap the regularity of ¢,
away from the origin, to H*; thus, for any ball B, of radius € and center at the
origin, ¢ € H*(D\B,).

Near the origin we use the fact that ¢ € H?(D) to deduce, by [5, §5], the

asymptotic behavior

@ ~ Agr3/?.

Hence by (3.17), H(x) ~ Ay (—x)%/? and H'(0) = 0.
We can now proceed, precisely as in the proof of Lemma 3.1, to derive the energy
equality (3.19) and to deduce that ¢ = 0, which is a contradiction. O

Consider the mapping;:
A>3 (W, F) = 2AW — AW = e H (D),
and set TW = p. Then, for any € > 0,
(3.21)

|/#W| < ulla-2) W 52Dy < W lm2(p) + Cellpellm-2(p)-
D

We need to use Korn’s inequality [3, pp. 110-113], which is valid in R} =
{z = (21,...,2n) € R", 2, > 0} for all v = (v1, ..., v,) with v; € H(R7}):

- avi 2 " a’l}i 8vj 2 " 2
R? T

R 3,j=1 R 3,j=1 n




TIME-DEPENDENT COATING FLOWS IN A STRIP 2993

Applying this to v;(z) = v;(Rz) we get the same inequality for v(x) with ¢ replaced
by ¢/R?, and letting R — oo we conclude that Korn’s inequality holds with ¢ = 0.
We can apply this inequality for n = 2 and vy = —0W/9y, vo = OW/0x, after
extending v; and vy by zero to y > 1 (recall that v1 = v2 =0ony =1—0, by
(2.16)). We then get

2w PW\? 2w\’ _ 1 e

- - > .
/Kaﬁ aw)+4QwJ —c/'VW|
D D

Observe that since W, (x,1) = 0 and W (z,y) = 0if |z| is large, we have W (z,1) = 0.

Hence
/W2 < 01/|VW|2.
D

D
Next, by integration by parts we deduce the energy equality (2.29). Since z > 0,
from the last two estimates and from (2.29) we conclude that

Wz < €1 [ v
D

Combining this with (3.21), it follows that

IWllz2() < Cllpll z-2(p),
ie.,
(3.22) [Wlla2py < CITW | r-2(p)-

Now, by Lemma 3.2, the range of T is dense in H~2(D). Hence for any u €
H?(D) there is a sequence (W,,, F},) such that i, = TW,, is convergent to u in
H~2(D). From (3.22) it follows that

Wi = Wilg2(p) — 0

for some function W in H?(D), and from (2.18) and a trace theorem we then easily
deduce that also

| Ep — Fll a2 — 0 for some F in H/2,

where H3/? is taken over the interval {—oco < x < 0}. It follows that (W, F) is
a “weak solution” of (2.15)—(2.20) in the sense that the boundary conditions are
satisfied in the distribution sense (or, more precisely, in the appropriate H P space).

If, in particular, u € L?(D), then, by elliptic regularity [9] (as in the proof of
Lemmas 3.1, 3.2), W belongs to H*(D\B,) for any ball B, of radius € and center
at the origin. If further u € H™(D) (or u € C™*%(D)), then W € H™+4(D) (or
W e C™m+4+2(D\B,), by [1]).

We summarize:

Theorem 3.3. Suppose z > 0. Then for any u € L?(D) there exists a solution
(W, F) of (2.15)—(2.20) with W € H*(D) and W € H*(D\B,) for any ¢ > 0. The
solution satisfies the boundary conditions (2.16)—(2.20) in the trace class sense. If,
further, p € H™(D) (or p € C™T%(D),0 < a < 1) then W belongs to H™*(D\ B.)
(or W € C™+4+2(D\B,)) for any € > 0.

We next state a uniqueness result.
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Theorem 3.4. IfRez > 0 then there exists at most one solution (W, F) of (2.15)—
(2.20) with W in H?(D) N H*(D\B,) for any € > 0, satisfying the boundary condi-
tions (2.16)—(2.20) in the trace class sense.

Proof. Suppose (W1, Fy) and (Wa, Fy) are two solutions, and set W = Wy — W,
F = Fl - F2. Then

/W(ZAW — A*W) =0.
D

Integrating by parts as in the case z > 0 and taking the real part, we end up with
the relation

2w PwW|P oW
— R w2
/ l 2 e ‘3x8y +( ez)/|V |
D D
FloFE . 1 |aF©))?
+O’(R€Z) / ‘% dx + 5060 O =Y,
from which the assertion readily follows. O

4. A PRIORI ESTIMATES FOR ELLIPTIC SYSTEMS IN Ri

Most of this section deals with the Dirichlet problem

(4.1) AW — AW = p(z,y) in R?,
(4.2) W(z,0)=0, Wy(z,0)=0 ifzeR,
where

(4.3) Rez>0, z#0;

at the end of this section we shall quote a result from [7] concerning an elliptic
system in ]R?F with “strange” boundary conditions.
We assume that

(4.4) W(z,y) =0 if |z|+ |y| > 2,

and wish to estimate the derivatives of W by a norm of p which degenerates at
y = 0; the norm will depend on the parameter |z|.

To define this norm we divide the set R% N {|z| < 2, |y| < 2} into a sequence of
squares

] i +1 1
i<z <ji+1, 1<y <2}, {%Sxﬁ%ﬁﬁyél},
J j+1 1 1
{QIT<‘T< ST ) T =YS o

and

.
_|_
—_

j 1
{Qm<x< ST 0<y<2m}v
where j = 0,+1,4+2,... and [ is such that

1 1

5~ ik provided |z| > 1.
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We denote these squares by @, their centers by ¢, and their diameters by d,,.
Clearly

d,, = dist (gn,{y =0}) .
We define
1/2
[l x, = sup < dy, ][Iu(ﬂc,y)Idedy
Qn

provided |z| > 1. If |z| < 1 then we denote the rectangle R% N {|z| < 2, |y| < 2}
by @1 and set
1/2

I, = | [ InGo.)Pdody| = llzo
Q1

Lemma 4.1. There exists a positive constant Cy such that, for any pair (W, p)
satisfying (4.1)—(4.4), the following estimates hold:

1/2
(45) [ o [ a9 WP+ WE < Golulx,
—00 1/4

(4.6)

1/2 1/2
supd du | (f19rwe) i freewe) | < ol
Qn Qn

Proof. If |z| < C} for a fixed constant C1, then (4.5), (4.6) follow from standard
elliptic estimates [1], [2]. Thus it is enough to consider the case where |z| is large.
To prove (4.5) we introduce a cutoff function n(y) such that

0 if -
1 y<4,

3

1 if =
1 y>8

and set
p=np, p2=1-n)u.

We also introduce the Green function Z(z,y,£) (x € R, y > 0, £ > 0) for (4.1),
(4.2); it satisfies, for each &,

2AX — A*Z =§(2)é(y — &) inR%
Z(x,0,6) =0, Zy(x,0,§)=0 forzeR.
We can write W = W7 + W5, where

(4.7)

(48) Wi (e.y) = / Z(x — Ay, €)1 (M €)ANE .
)
Set
W= — R = |z|1/2 )

|2
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According to [7, §6]

(19) 2(2,,6) = 35V (Re, Ry,6) (6= Re),
where
(4.10)

_ _ _ _ B _
V(l’,y,g) :go(x,y—a)—i—ga(x,y—i—ﬁ) _Gl(xuyug) - ; _GZ(xvyug) )

@ =em =5 [T [eKalvieds, T=@ 472,
0 0

B is a constant, K is the zero-th order modified Bessel function,

G1(z,7,0) = 2T'log 0 + T'®(7,7) ,

= QL/SKQ Vwé)dé  (constant) |
0

T M [ R e kT _ (ke VETeT
@(f,y):—/dke fee [Fle " -1
} || VE2 +w — |k

and, finally,
Gq(T,7,0) =2 / K -\7) [@()\,9) —T'log VA2 +62 — 25] dX
™
where [7, (4.7)]

V2T dk

/ i VEZ + we™ 0 — e VRPHwT
VE2+w—Fk

dk .

/ v VE2 + web¥ 4 ke~ VR vy
VEk2+w+k

Notice that ®(7,7) depends on the parameter . Notice also that the inequality
in (4.5) involves only derivatives of W, and therefore the constant B/m in (4.10)
will not give any contributions and may thus be dropped; this constant however is
not to be dropped in the formula for G,.

We first estimate the derivatives of W;. The function

o(z,y) = p(Rx, Ry)
satisfies
WRAG — A%p = 6(x)6(y) in R? .

Using Fourier analysis it is readily seen that the function

W) = / B — A y— E)g(A )drde

R2
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satisfies
[ 194 + RV <l
82
Therefore, if we define W7 o as the contribution to W; coming from the part
of Z in (4.8), then
(4.11) J U Wiol? + 2192 Wa0P] < Collf,

2
R+

wn

1 1
etT=Rx, y= Ry, 0 = RE. Ify > 3 then y > §R, and from the definition of
K (z,7) we see that

VKl £C [ KWk ce < 2 (v 0);

similarly

C
A%z K< o

(f7g)

Hence

o [
Vi Gam 0| <C [ 55

B
o\, 0) — Tlog /A2 + 02 — 2—‘& .
™

Substituting A = (u? — 02)Y/2, we get
|u|du

C
2
(4.12) V2 Ga| < — W22

(Z.9) = R3
{lu|>6}

B
Tl _ =
‘w(U) og |ul 5

From [7] we have

1
B Cllog |ul| if |u| < 3,
2
sD(U)—FlogIUI—Q—' <
s

Ce Ml if  |u| > % (v>0).

Therefore, as can easily be seen, the integral in (4.12) is < C' and, consequently,

_ c ..__1
|V%T,§)G2(xvy79)| < &3 ity > 5 R.
In the same way one can derive the estimate
_ c ..__1
|V?E,3)G2($ay79)| < ﬁ lfy > 5 R.
Setting
1
(4.13) Zi(z,y,§) = ﬁGj(Rx,Ry,H) forj=1,2 (0 =R,
we conclude that
c . 1
(1.14) V' Zo(a,,6) + RV ol §) < 5 iy >3
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If we denote by Wi o the contribution to W7 which comes from Zs, then (4.14)
implies that

(4.15) / dz / dy [[V*Waaf? + |22V Wi 2[2] < Collmll%, -
—00 1/2

Next, by Lemma 5.3 of [7]

; C

N
IN
Iy
IN
Q

T,y

for 1 < j <4, where Z; is defined by (4.13). Hence
1
V' 21 (5. €)| + BV Zi (2,9, €)| < C if 2] <C, 0<y<C, S <6<C.

It follows that the contribution Wi ; to Wi from the term Z; satisfies the same
estimate as (4.15). Thus, together with (4.15), we conclude that the same estimate
holds for Wj.

We now turn to Ws. This term contains the contribution of p(A, §) for 0 < ¢ <
We first estimate the derivatives of
(416) GOI (Ta ya 9) = 90(57 y - 9) + @(Tu y + 9) - Gl (Tu ya 9)7

where

| w

T=Rzx, y=Ry, 0=RE.
1
From the proof of [7, Lemma 5.1] and the fact that y > 5 we have

0 2(60 +79) c C _ -

oz - - o 2 2~ (ReVW)

7 (,7) T S + e

if R > 1 (or, in fact, if R > ¢ for some positive constant ¢p). Integrating in g and
using the initial condition ®(Z,0) = log(1 + #2/6?), we obtain

|®(z,7y) — log [EQ + (0 +§)Q] +2logfh| < % + % e~ Re vy

On the other hand, by [7, §5],
B _
o(7) =TlogT + o T W), [WE)|<Ce ™ (7>0).
™
Recalling (4.16) and the definition of G, we see that
(4.17)

G (Z,7,0) = [log(Z* + (0 — 7)) — log(z* + (0 +9)*)] + O (l)

R
2 + (£ —y)? 1
o erye O ()

We can express the log term in the form

r 48y _ &y
7108 (1‘ w2+<s+y>2) =0 <w2+y2) ’

o|H oA
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3 1

since £ < 3’ y > 3 Setting

1
(418) ZOl(‘T’vyaf) = ﬁ GOl (Ev yv 0)7
we then have

Cl¢l

| Zo1| < T2
Similarly,
j clgl ,
IVia ) Zorl < T2t (0<j<4)

and, in particular,
(4.19) IV Zo1 (2, y,€)| + RV Zoi (2,9, )| < CIE] .
Notice that

if (A& €Qn, then ¢ <2d,.

Also,

1
= <(dd, foralln.

Hence, by combining (4.19) with (4.14), we obtain
[V Z(@ = Ay, )| + RV Z (= Ay, €)| < Oy,

for (x — A\, €) in @, or (by the definitions of the Q,,, d,,) for (X, €) in Q. It follows
that

VAW, | + R?|V2Ws|

IN

S [ duluar.Oldre
" Qn

IN

1/2
< czdn|czn|(][|uz|2)
" Qn

C > 1Qnl llp2llx, < Cllullx,

1
ify > 3 Integrating in (x,y) we conclude that (4.5) holds also for Ws, and thus
the proof of (4.5) is complete.

To prove (4.6) we take a specific @); and prove that

1/2 1/2
az) 4l (frvwr) e [Iewe) < Gl

J J
Denote the center of the square Q; by (xj,y;), so that d; = y;, and take for
simplicity #; = 0. Let S; be the square |z| < Cd;, 0 < y < 2Cd;, where C is
very large, and denote by Xs, the characteristic function of S;. We break W into
Wi + Wa, as in (4.8), where

pr=pXs, . pe=p(l—Xs,) .

We wish to estimate W7 in @; by means of the estimate (4.5). To do that we
introduce scaling:

Wi(Z,7) = Wi (d;z, d;7)
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for 72 + 7% < 4C". Clearly

(4.21) B2AW, — A*W, = dbua (d;T, d;7) = 1 (T,7) -
Setting Eivn = d,/d;, we have

_ 1/2 ~ 1
il =swdi( [17?) . whe G- 7 @,
n K J
Qn

or

S

J

1/2
(4.22) lilx, = sup 4 2 d;’f< / w) — &l xa
Q'Vl

The proof of (4.5) does not require that W be compactly supported, only that
the integral representation (by Green’s function) holds with p compactly supported.
Hence we can apply it to Wy. If d; > 2/]z|*/2 then Q; lies in {y > 1} and so, by
the proof of (4.5),

o\ 1/2 o\ 12
(4.23) ( / |v4W1|2) +d§|z|( f |v2W1|2) < Gollinllxs -
Q; Q;

Qj

On the other hand, if d; < 2/|z*/? then d?|z| ~ 1, and we can apply standard
elliptic estimates to (4.21) to deduce (4.23). Scaling back in (4.23) and using (4.22),
we obtain

1/2

1/2
d <][|V4W1|2) + |z|<][|v2wl|2> < Cods||pallx
Qj Qj

and (4.20) follows for W;.
To prove (4.20) for Wy we first consider the contribution to W5 coming from

Wos (2, y) = / Zo( — Ay, )iz (N, €)ANE,
52
where

1
ZQ(xvyaf) = ﬁ GQ(Tvyv 9)

and T = Rz, § = Ry, 6 = R, R = |2|/? > 1. Note that if (v,y) € Q; and
(>\7§) € sup g, then

(lz — A* + 52)1/2 ~ (A + 52)1/2 > Cd; | y < nod; (mo = 2),
and 79/C < 1. Hence we can apply Lemma 6.1 of [7] to deduce that

c c

V4 Zy(x — Ny, €)| + R*|V2Za(z — A, 9, 8)| < Tt
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where p = (A2 + £2)/2. Tt follows that
(4.24)

c lu2(N, 8| | C l2(A, §)]
VAW R%|V2Wa| < = / W25, / Sl =+ T
| 22|+ | 22| <7 3 + 3 pS 1+ 1o
BI\B,, BI\B,,

in Qj, where B = N2 +E2 <42 ¢> 0}
Next we evaluate

c 1
I < = Z (SUPF>/|H2|
Qn

anB;\B;j

1 1
3 (sup;) - 1@ul lal -

anB;\B;j

A
= Q

Since d,, > %(|)\| +1/R) if (A, §) € Qn, we obtain

h<glle [ oo nat
PRI MP+IEP N+1/R”
B;\B;j

Substituting (A, &) = d;(u,v), we get

d? dudv

L < C
1< Cllullx, / B[P + o) Rd;Jul 1
B0, \5F

IN

C 1 dudv

— ince Rd; > 1

4 [l x / WP+ oF Tul +1 (since Rd; > 1)
By)q,\BY

< Sl
= dj/'l’Xz'

Similarly we find that
1< S s < S lul
Q_dj ‘uX2R2d§_dj il Xs
so that

C )
[VAWaa| + RV Wy 0| < = lullx,  inQj.
J

Averaging over );, we obtain the estimate (4.6) for Wa o.
It remains to estimate the contribution to Wy coming from

Wao(.9) = [ Znn(o = Ay Qa0 Orde,
Ry
where Zp; is defined in (4.18). Using (4.17) we can derive, for (z,y) € Q; and
(A, &) € sup p, the estimate
C [§l+1/R

V' Zo1(z — Ny, &) < Rr2 piT’

p=\+€)2



3002 AVNER FRIEDMAN AND JUAN J. L. VELAZQUEZ

where the term 1/R (occurring in |€| + 1/R) is introduced in order to bound the
derivatives V7 of the O(1/R) terms in (4.17). We conclude that

1/2
/|V4W2,10|2+R2</|V2W2,10|2>

Qj Qj

1/R 1/R
o [ (MEUR gy,

BB,

Decomposing B;‘ \B;‘dj into squares Q) and proceeding as in the estimates for I
and I above, we find that the right-hand side is bounded by C|/u| x,/d;, so that
(4.6) holds also for W3 1. This completes the proof of (4.6) for W, and thus also
for W. O

Lemma 4.2. There exists a positive constant Cy such that for any pair (W, p)
satisfying (4.1)—(4.4) the following estimate holds:

1/2
z
(4.25) sup |1o|g|d | ( f |VW|2) < Collullx -
Qn

Proof. We represent W in @,, by Green’s function Z (cf. (4.8)):
Ry
and then, by differentiating and using (4.9),
1
VW(ny) = g [ (VV)(RGe X, By, RE) - u(\ adde,
RL
where R = |2|Y/? and VV = V(3 ;)V. Scaling
xr = dyz, y=dny

(we assume for simplicity that the square @, is centered at the origin) and substi-
tuting

A=dyu, §=dyv,
we obtain
(4.26)
2
VW (z,y) = dE” / (VV)(Rd, (T — u), Rd,y, Rdp,v)u(dyu,d,v)dudv,

B2/dn (O)ﬁRi

where B,(O) denotes the disc with radius p centered at the origin O. Under the
above scaling the square ),, becomes another square

iQnEQl

We shall denote by Q2 the square 2Q1, and break the integral in (4.26) into three

1
parts: one part over ()2, and the other two parts in accordance with v > 1 and
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1
v S Z Thus
(4.27)
d2
VW = En / (VV)(Rd, (T — u), Rdny, Rd,v)

[(B2/d, (O)NRZ)N{v< 11\ Q2
-u(dpu, dpv)dudv

2
+dE” / (VV)(Rdn(Z — u), Rdny, Rdyv) - p(dn, dyo)dudo
Q2

+E” (VV)(Rdn(T — u), Rdyny, Rd,v)

[(32/dn (O)ﬂRi)ﬂ{vZ%}]\QQ

- p(dpu, dpv)dudv

= Il—|—IQ—|—Ig.

Notice that Rd,, > 1.
We claim that

(4.28)

(VV)(E.5.0)] < ==

< =5—F% iy if T = Rd,(T —u), = Rd,y, 0 = Rd,v,
T

and
(u,v) € |(Bayq,(0)NRY) N {v > i} N QQ] .

To prove it we recall the structure of V' as given in (4.10). VG2 is estimated by
O(1/R?) if y > 1 (the proof is the same for (4.14)) or, more generally, if 7 > 7, for
any small positive number 79. On the other hand, if y < ny then we get the same
bound on VG2 by using Lemma 6.1 of [7]. The estimates of the remaining terms
of VV are obtained by using (6.10), (6.13) of [7] and Lemma 5.1 of [7]. Altogether
we obtain, for the first component of VV,

r 2z + T 2z oT T ) 1
2T+ (-0 2 T4 (y+0)> T+ (7 +0) R2)’
where the first two terms come from ¢ and the third one from ®, from which (4.28)

follows for the first component of VV. The second component is estimated in the
same way.

Note that in I3 (7 —u)? + v? ~ u? + v2. Using (4.28) we then obtain
2 1 v

R Rd, | u?+2
Qnp

(4.29) |I5] < |e(dnu, dyv)|dudo,

where (2, is the domain of integration in I3. Set

w(u,v) = p(dyu, d,v) Q==L
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Then by the change of variables we find that

2 o
(430) ( / Iﬁ(u,v)l"’dudv) < Sl
Q
obviously also
- -4
d; = diam (Q;) = d—l .

Breaking up €2, into squares @l and noting that

~ 1
1 S dl S a )

we get
(4.31)

Cd, vidudv N 1/2

13| < 2 ( / Wt v2)2) ( / |u(u,v)|2dudv)
1SJI§4%1 QiNQy QN
C v2dudv \/?
S ﬁ Z < / (uQ ¥ UQ)Q) ”N”Xz

1N
Isdisgr  Qine.

< mpllogdal I,
We next estimate Ir. Observe that Iy = (VG)(Z,¥), where
WR 2AG — A*G = iXg,d>
and G=Gy=0aty= 0. We can proceed as in the proof of (4.20) for W =W
(in fact G is estimated as W1), and so we obtain, similarly to (4.23),

1/2 Od4
(4.32) v [1v6r) < S,
o !
where (4.30) has also been used. Since VG(Z,0) = 0, the estimate (4.32) yields, by
integration,
1/2
we( [wer) <oy,
Q2
so that
1/2
C
(13 FIRE) < il
Q2
1
We finally estimate I;. The bound (4.28) remains valid here and, since v < 7
we get
2 1 -
|I;| < C’E R e |z(u, v)| dudv .

{Jul<4-, 0<v<d)
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Roughly,

- C
[u, 0)] < —lullxe,
from which we get the bound
c
(434) 1< 5 dullogda .

One can establish this estimate rigorously by breaking the domain of integration
into squares @; and using (4.30).
Combining (4.34) with (4.33), (4.29) and (4.27), the estimate (4.25) follows. O

We shall need later on an estimate for the solution of the elliptic equation

(4.35) e2AW — A*W = p(z,y) in R?
where
(4.36) 0<e<l1l, Rez>0, z#0,
subject to the “strange” boundary conditions at y = 0:
or oW
4. F — - =
(437) SF 4 oo~ S = ala) |
#PwW  BPW O*F ow
4. e 2
(4.38) 9220y + B +08x3 ez a9y b(x) ,
W 9PwW
4. — =
(4:39) S~ g =)

We introduce the “norms”

(4.40)
labello={ [ do [t
—o00 0
o 1/2
+/dx [|Dg/2a|2+|D;/2b|2+|az|1/2|b|2+|Dg/2c|2+|az|3/2|c|2]} ,
(4.41)
OV FYlo = [ do [y [FHWE +e=PIVWP]
—o0 0
+ / da [|£z|1/2|V3W(x,O)|2+|£z|2|V3/2W(x,O)|2—|—|Ez|3/2|V2W(x,O)|2
o 1/2
HezP12 0,0, 0)] + [ do||DI2FP + 2| DSFP + 1o D22 F ]

We shall need a priori estimates under the assumption that
(4.42) W(z,y) =0 if 2* +y*> > R3

for some constant Ry.
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Lemma 4.3. There exists a constant Cy depending only on Ry such that, for any
solution (W, F) of (4.35)—(4.39) satisfying (4.42),

(4.43) (W, F)llo < Coll(a, b, c, p)llo -

This is precisely Lemma 13.3 of [7], except that here we have added to the
definition of |||(W, F))|||o the term

o 1/2

L/dﬂDy%WMx

— 0o

The fact that this term may be included, i.e., that this term is bounded by the
right-hand side of (4.43), follows from (13.52) of [7] upon multiplying by |k| and
using the definition (4.40).

5. A PRIORI ESTIMATES: LOCALIZATION

Theorem 3.3 asserts the existence of a solution in H?(D) to the linear system
(2.15)—(2.20) in case z > 0; Theorem 3.4 asserts uniqueness in case Re z > 0. The
same results hold for the system (2.1)—(2.6).

We need to establish existence for all complex z with Re z > 0, z # 0, and
to derive estimates which depend very precisely on the parameter z and on the
variable (z,y), especially for |z| large and (x,y) near (0, 0).

In this section we shall state these estimates for (2.1)—(2.6); the proof is given in
Sections 6 — 10 and 14, 15.

We introduce a continuous positive function g(R, z) defined for R > 0, |z| > 1
such that g(R, z) =1 if R > 1 whereas, for R < 1,

(5.1)
R3¢ if >L
|Z|1/2’
1 1\ 1 1
= — Ra27¢ if —<R< ,
9(R, 2) (|z|1/2) R R
1 —2e 1 2e i, .
(W?) <H> S L

where ¢ is any small positive number.

The choice of g(R, z) is made in order to be able to apply Liouville type theorems
[7] for blow-up limits which will appear in the proof of the a priori estimates.

We cover the strip D by regions Hj, H; and L;, L3, L9 defined as follows:

gyél} (j=0,+1,42,...) ,

1 . . .
HJ:{_(]‘Fz)SJjS_]; OSy<—} (.]:172537"')7

Hj2 (j = 1,2,3,...) has the form shown in Figure 5.1, and L},L? are the re-
flections of H}, H, respectively, with respect to the y-axis. Here aj, (3;,7;,6; are
monotone decreasing in j, 71 = 1,7 = 1 = 2 and

Jog s 3B, Jvi 5305
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' B,7)
(B.,0)
................. @ e D
(70{ ) 0) (7 17 0) (07 0)
FIGURE 5.1

are bounded from above and below by positive constants.

The letter “H” in H}, H? is to remind us that the boundary conditions (2.4)-
(2.6) on the boundary of Hjl,HJ2 at y = 0 are of high order, whereas the letter
“L” in LY, L}, L? is to remind us that the boundary conditions are of low order
(namely, W =90,W =0ony =0 and 0,W =9,W =0ony=1).

It will be convenient to denote the collection of regions Hj, H? by S,il) and the
collection of regions LY, L, L3 by S,(f). The collection of S,(Cl), S,(f) will be denoted
briefly by Si. We shall denote the diameter of any region Sy by Rg; clearly Ry < 3.
We also introduce the intervals

Jr =98N n{y=0}.

In §4 we have partitioned R? N {|z| < 2,|y| < 2} into a (finite) sequence of
rectangles (actually, squares) Q,, whose smallest size is ~ |z|~/2. Here we shall

need to partition, in a similar manner, each of the regions S,(f) with Ry, > |z|~1/2.
We begin with L}.

1 3 3
We first divide le N {5 1 <y< Z} into two rectangles by the line x = j + 1.
. 1 1 3 1 3. ]
Next we partition L;N 31 <y< 31 into four rectangles by the three lines

1 3
3:=j+§, r=7+1, x:j+§, etc.

We proceed in this way until we arrive at
1 3 1 3 1
1 1 —1/2
which we partition into 2!7! equal rectangles by lines z = j+2i/2!*1 (1 <4 < 2!*1).
Finally we partition also

1 3
1
Ljﬂ{OSZJSF'Z}
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into 2/*! equal rectangles by the same lines = = j + 2i/2!+1.
Similarly we partition L?, starting by dividing

1
L§Q{§7j Syéw}

into two rectangles, etc. However we ensure that the line y = ¢; is a partition line:
If

1
T <05 < 5R

for some (nonnegative integer) h, then we replace both lines y = and

DLy

1
Y= Z—hvj by the line y = 6;. Thereafter we continue by partitioning

1

into 2"*1 equal rectangles, etc. The process ends when we reach, as before, rectan-
gles of size ~ 1/|z|'/2.
We finally turn to LJQ. Here we take the y-lines to be

13 1 (1 1)\3
o y——+(§+§>1,...,
1 1 1 3
y:Z+<§+§+”'+2lT>Z’
where 1/2/%1 ~ 1/]2|'/2, whereas the 2-lines are defined in the same way as for L.

We denote by @Q,,, or rather by @y, the rectangles in the partition of S,(f) and
define

qn = Qrn = center of Qr,, dp = dg, = diameter of Q.
Then dy,, ~ distance from gg, to either {y = 0} in case of L} or L?) or {y =1} in

case of L?. We define ||u||x, with respect to S,(f) as in §4 and denote it for clarity
by [[ull v, (se2y; thus

1/2
(52) Iy =510 S doo | f 1P
an
We also set
iy, = sup {o(Ri )R ul 50 }
Ry >|z|~1/2
(5.3) 1/2
= s { g(Ri,2)REsup { di ][W
k n
Rp>|z|~1/2 Qn

We define averages

frem/r frem)
Sk Ji Ji

Sk
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To each interval .J; we associate a larger interval Jj of length (1 + ¢)|.Ji|, having
the same center, where € < 1 and € is small enough so that Jj lies in {y = 0, —oc0 <
x < 0} and

—_

dkﬁ;(jk,{o}) > Sdist (i, {0}).

We introduce a cutoff function & (x) in Jj, such that {& = 1} contains the
interval J and

|07 k| < ClJg]™™  for 1 <m < 4.

Later on we shall use L? norms of fractional derivatives:
1/2
][|8;”(§kf)|2dx (mz% i=0,1,2,...,7)
Jx
and denote them simply by

1/2
][ 7 2 de
Ji

In the system (2.1)—(2.6), we shall refer to the data Q = (a,b,c, p) as a source,
and introduce the norms

(5.4)
1Qllx, = [I(a, b e; )l

= sup (R, 2 ][m g Frozap
Ji
1/2 1/2
+R3( o) e frovE | mE e
Jk Jk

1/2

1/2

1/2
R} ﬁ& +#“ Flovzer
Jk
1o 1/2
ey fepar ) wrt | fur || g
Ty e

(5.5) 1@l = 1@y, + lull,
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We next define a norm for the solution (W, F'). It consists of three parts. The
first part involves integrals taken over S ,(cl) and Jj:
(5.6)
1/2

107 F)ly, = mad s g(e.2) | (121455 ) | f 1990

S(l)
1/2
+rE| [t ,
s
1/2
1
s |g(e.2) | 7 (121 + - ) | f1F = FOP
k k
Jk
1/2
) | floree - FopP J=12(F(0)

The second part of the norm of (W, F') consists of integrals taken over S ,(3) with
R > |z |_1/ 2

(5.7)
1/2
Wiy, = sw §glRez)sup | Rud, | [ (WP
Ry >|z|—1/2 " L Qkn
1/2 1/2
R3] ][|V2W|2 Hel gt ][|VW|2
Qkn

Finally, the third part of the norm of (W, F) involves integrals over S,(f) with
Ry < |z|71/2%:

(5.8)
1/2 1/2

Wiy, = sw Sothes) B f190wE | rt] vt

We set

(5.9) W By = (W E)lly, + Wy, + Wy, -

We can now state the main a priori estimate:
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Lemma 5.1. If (W, F) is a solution of (2.1)—(2.6) with Rez > 0, |z| > 2, and if
W € H?(D) and ||(W, F)|ly < oo, then
(5.10) (W, F)

e 1
< Clz|*"2|log 2| | |Ql

Iy
where C is a constant independent of z and of the source Q.

Remark 5.1. Since W € H?(D) whereas W,(x,1) = 0, we necessarily also have
W(z,1) =0.

Structure of the proof. Suppose the lemma is not true. Then there is a sequence
(Qma Eoy W, Zm)a where Qg = (am7 bm, Cm, ,Um)a
such that

e 1
(5.11) [(Wos En)lly > |2m] 22 [log [zm| | [|Qumll

where “>” means that the left-hand side divided by the right-hand side converges
to 0o as m — o0o. We wish to derive a contradiction. To do that we may assume that
[(Wi, Fr)|ly = 1. We shall then show (i) that the sequence (W,,,, Fy,,) (or a scaled
version of it) converges in some weak norm to a solution (¢, f) of a homogeneous
elliptic system whose only solution is zero, and (ii) that the sequence (Wi, Fy,)

actually converges to zero in the stronger norm ||(Wiy, Fin)|[y, -

Consider first the situation where

(5.12) l(W, Fr)lls is the dominant term in ||(W, F))

Iy, ly-
ie.

[ W Ean)ly, / [[Wanlly, + [Wanlly, | = 00 as m — oo
We subdivide it into three cases:

(5.13)
1/2

1
sup | g(Rk, zm) | R <|zm| + ﬁ) ][ V2 W, |2
k k
s
1/2

+R} ][ VAW, |?

s
2 (W, Frn)lly
for some positive constant c ;
(5.14) 2] 2| Fn (0)] = el (Wi, Fon) Iy

where c is some positive constant; and
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both (5.13) and (5.14) do not hold, so that

1/2
sup {9(Resz0) | R (1ol + 57 ][ o -
(5.15)
R (1072 Fo = Fa )P ) || 2 Wl
Jk
where c is a positive constant and, in addition,
(5.16) [LHS of (5.15)] > {[LHS of (5.13)] + |2m| /2| F (0 )|},

where LHS means left-hand side.
In addition to the case where (5.12) holds we also need to consider the cases
where either |[W, ||, or [[Wy,]|,. is the dominant term, i.e.,
2 3

(5.17)
1/2
sup 9(Rk, 2m) sup dezn ][|V4VVm|2
szxfhlﬂ " Qrn
1/2
+ R dpn| 2m| ][|V2Wm|2
Qrn
1/2
Heml o ][WW 2 > o[ (W, Fu)ll,
or
(5.18)
1/2
swp  g(Re.z) | R ][|v2wm|2
Ry <|z|71/2 5
1/2
R ]l|v4wm|2 > | (W Ew)l,
52

where c is a positive constant.
In each of the above cases we may assume that the “sup” is attained at some

k
k = ky,; for if the supremum is not attained, we simply choose k = k,, such
1
that it realizes a value larger than, say, 3 sup, and this will not change any of the
k

subsequent arguments.



TIME-DEPENDENT COATING FLOWS IN A STRIP 3013

In all the cases where

(5.19) lim sup Ry, |2m|"/? < oo

m—00

we can derive a contradiction by reducing the situation (sometimes after using
a blow-up argument) to a uniqueness statement and then apply a Liouville type
theorem (such as one of the theorems established in [7]). However in the case

(5.20) R, |zm|? = o0

we do not have uniqueness. This case requires a much more refined analysis which
involves deriving uniform estimates for the sequence (W,,, Fy,,) for all large m. This
additional analysis will be given in Sections 14, 15.

For simplicity we shall first consider the case

(5.21) Ry, ~1;

m

this is carried out in §§6,7 (and, partially, in the Appendix). The case Ry, — 0 is
analyzed in §§8-10; we shall consider there separately the cases

0,
Ry, |zm| — ¢ finite number # 0,
e9] )

and the last subcase will further be subdivided according to whether Rim |2m | — o0,
0 or a finite number w # 0.

Remark 5.2. In analyzing the various cases which occur in the proof of Lemma 5.1
we shall not always require the full strength of (5.11). In some cases it will suffice
to assume only that

£
2

(5.22) [(Won, F)lly > |2m |2 [1og [2m] | |@ml] x

or even just that
(5.23) [(Wea, Fo)lly > (1@l

in order to derive a contradiction.

6. THE CASE Ry, =1 WITH (5.13)

We divide this case into two subcases:
1/2

o(Rio, . 2m) R ][ VW, 2
ey

km

(6.1) 1/2

1
> sup g(Rk,zm)Rﬁ <|zm| + ﬁ) ][ |V2Wm|2 7
k k s
k
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and

1/2

sup 9(Ry, 2m)R ][|V4W 2

s

1
< QQ(ka,zm)Rim <|zm| + RT> ][ |V2Wm|2
km,

Since |zp,| > 2 and Ry, =~ 1, these subcases reduce to

(6.2) .

1/2 1/2
(6.3) ][ VAW, |2 > ¢ ][ V2,0, |2
Sl(cl) Sl(cl)
and
1/2 1/2
(6.4) ][ VAW, |2 < C ][ |V2W,, |2 ,
Sl(cl) Sl(cl)

respectively, when ¢ and C are positive constants. We shall first consider the case
(6.3)
We may assume that either

(6.5) |2m| — o0,
or
(6.6) Zm — Zs (z finite, |z.| > 2),

and consider first the case (6.5). Introduce the functions

—~ W ~ F,
(6.7) W = 1/2° Fp = 1/2

][ VAW, |2 ][ VAW, |2

s s

km

and the sources

Qm = (ama bmaEma ﬁm)a

where

A Qm
Qm: 1/2°

][ VA, 2

s
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Then
1/2
(6.8) ][ VL | =1
s
and
1/2
o 1
(6.9) ][ V2 W, |2 < b
Zm
s
Further,
(6.10) 2 AW, — AW,y = [ie in D
and, by (5.23),
(6.11) / |2 = 0.
s

The functions W,,, F,, satisfy (2.2)—(2.6) with @ = @y, b = by, ¢ = Cpp.
By the definition of [|@[ and (5.23),

(6.12)
][ G ()2 — 0, ][ 1022 — 0, ][ 10175, — 0,
Tk Tk Tk
|2m| /2 ][ b |? — 0, ][ [Em|? = 0,
Tk Tkm,
][ 022602 0, |32 ][ Enl? — 0.
ka J’Wn

Multiplying (6.10) by a function ¢ € C§°(D) and integrating, we get

(6.13) /(szmAgp — WmAQQO) = /ﬁmgo
Now, since
Woally, <,
we have, for any S,(f) of the form L9,
1/2

][ BTk < C|log dyn|-

Qrn
Recalling (by Remark 5.1) that W (z,1) = 0, we deduce that

1/2

(6.14) ][ o Wnl2 | < Clgn| 1og dpn,

Qkn
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i.e.,

|zm Wi (2, y)| < C(1 - y)|log(1 - y)|

in average. A similar estimate can be derived with respect to the le, yielding

|2 Win(z,9)| < Cepyllogy|

in average, for x > €y (€p any small positive number).
Consider first the special case where

(6.15) all the ng coincide with a specific SJ(;).

Using the above estimate and the estimates on the L?-norms of VQWm which follow

from the fact that ||(Wpn, ﬁm)HY < C, we find that

Zme — G weakly in HQ(DO),
(6.16)

ZmWim — G strongly in H>/? (Do)

for any compact domain Dg in D U {(x,0);z < 0}. Taking m — oo in (6.13) we
find that

AG =0in D.
Further, G is uniformly bounded away from the origin,
G(z,1)=01if —oo <z < o0,
G(z,0)=0if 0 < x < 00,
and, by the argument in [7, §7] which leads to [7, (7.12)],
Gy(z,0) =0if z < 0.
We also have the estimate
1/2 1/2
6.17) R ][ V262 |+ Rl ][ V2G| <OoRPC
s 52

for all the S,il), S,(f) near the origin. This estimate implies that G has the expansion
(6.18) Gla,y) = Ar2sin T+ Br 2 sin § 4+ 0(?)

near the origin.
Let Gy and G; be the bounded harmonic functions in D satisfying

Gop=0ify=1ory=0,2>0,
0,Go=0ify=0,2 <0,

GO:T_3/2sin¥—|—o(1) ifr—0

and
Gy=0ify=1ory=0,2 >0,

8,G1=0if y=0,2 <0,

Gy =r"1/? sing +o(1)if r — 0.
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By comparing G; with
elog(z® + %) + A2y — y?)c V2 forz > 1
and with
elog(z® + 1) + A2y +1) — (y + 1)?)eV®  for z < —1

with A a sufficiently large constant and € an arbitrarily small positive constant, we
find that

Go — 0,G; — 0 exponentially fast, as |z| — oo.
By the maximum principle,
(6.19) G — AGy — BG; =0.
Lemma 6.1. A =0 and B =0, so that G = 0.
The proof is given in §§14,15.
Remark 6.1. The proof of Lemma 6.1 requires the full use of the inequality (5.11).
From (6.16) and Lemma 6.1 it follows that

1/2

(6.20) 2| ][ AcATE ~0 (j:O 1 -) .

Introduce a cutoff function n in S ,SZ such that n = 0 in some e;-neighborhood
of 85,22 N{y > 0}, n = 1 outside a (2¢;1)-neighborhood of 85’,22 N{y > 0}, and

o7

(6.21) 8;:Oony:0,—oo<x<0(1§j§3).
Define

(6.22) W = W

Then

(6.23) 2 AW, — AWy, = [y, in D,
where

[Lm = Wﬁm + ﬁ(agwma 82WM7 awﬂu Wﬂu Zmafv\v/ma mem)

and H is a linear function of the indicated variables. By interpolation, for any
e >0,

”aBWmHLz(S;Cl)) < 6||V4Wm||L2(SI(€1)) + CEHWMHL%S;CU)-

Recalling (6.20) and (6.8), we conclude that

10* Wl 2500y < Ce

(Sk
if m is large enough. The same can be proved for each of the terms in H. Hence
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We now turn to the boundary conditions of W,, on y = 0. W, satisfies (2.3)
and (2.4)—(2.6) with a = am, b = by, ¢ = é,,. We want to show that

(6.25) 3%, Gy O *bis |2 | oy Emy 02/ 2, |2m| ¥ 46 — 0 in L2
We begin with
G = Nam + BoFmOun — Win0an.
Because of (5.12),

1/2 1/2
ol | f 1= Fa@P | <00 | [0 o) | <c,
Tk Tkm,
and then, by interpolation,
1/2
(6.26) ][ |87 (Eyy, — Fp (0)) 2 —0 for 0<j<3.

T,

By (6.20), (6.8) and interpolation [9, p. 49] we also have

(6.27) / |V3H21,. 12 = 0
s

and, therefore, by the trace theorem,
(6.28) ][ VI Wm|? =0 for |j| <3

Jhom
Combining (6.26) (with F,,(0) — 0, which follows from (5.6), (5.13) and (6.5)),
(6.28) and recalling (6.12), we conclude that
(6.29) ][ 18220, |2 — 0 if m — oco.

ka

The proof that a,, — 0 in L?(Jy,,) is similar.
Consider next by,. Using (6.21) we find that

. R oW, oW,
b = Ny — 3— 23y — 6—20,m — oW, 0°
n 3 2y ) 2y n—o )
oW, 2W,,

—30'—m(9577 — 30 89677-
ox

0x?
In view of (6.12), (6.28),

][ |aﬂlc/2l;m|2 — 0.

Tk,

Also, by (6.20),

|Zm| ”WmHHsm(Sl(cii) —0
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and, therefore, by the trace theorem,

(6.30) |Zm | ][ |8, Wi |2 — 0.
Jkm
Applying the interpolation inequality [9, p. 49]
1/2 1

/8
/ DV <cC / (w? + | D?ul?) / ]?
R2 R2

R2

3/8

to w = V2W,, and using (6.8), (6.9), we get
|Z’”|3/4|\V2+1/2Wm||m(s,§2) <C

and, by the trace theorem,

(6.31) Wl 112,y < C.
Combining this with (6.30) and recalling (6.12), we find that
1/2
2] /4 ][ b2 | o
ka

We finally consider
. = oW,
Cm = NCm — Wmﬁin —2——— - OM.
ox
Using (6.28), (6.31) and recalling (6.12), we immediately deduce that

][ |82/26m|2 — 0, |Zm|3/2 ][ |ém|2 — 0,

ka ka

and since |z,,| > 2, also ¢, — 0 in L?(Jg). This completes the proof of (6.25).
We are now in a position where we can apply Lemma 4.3 to deduce that

(6.32) ][ IVAWm|? — 0, e, ][ [V (W) — 0.

e s

km km

The proof of (6.32) can be carried out not only for S,(;j but also for the union
Uj S, where the j’s are such that S; N S,(;j # ¢. We can choose, in this case, the
7 to be such that n =1 in S’](c: Consequently

(6.33) ][ IVAW|2 =0 if m — oo,

e

km

which is a contradiction to (6.8).
In the above proof it was assumed that (6.15) holds. If this is not the case then
(by taking a subsequence) we may assume that the ng converge to r = —oo as

m — oo. We then work with translates of f/[v/m:

Wm(xvy) = Wm(x - Tmay) (Tm - OO)
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The limit G of the z,,W,, is a bounded harmonic function in D, satisfying
G(z,y) =0, Gyu(2,0)=0 for all z € R".

Hence G = 0, and we can then proceed as before to derive a contradiction.
So far we have assumed that (6.5) holds. Consider next the case (6.6). Using

(6.9) and the boundary conditions W = aUWm =0 at y = 1, we deduce, by
Poincaré’s inequality, that

Wl <C in D.

Further, since Ry, < |z,|~ /2 for Ry small and for all m,
1/2

(6.34) 9(Re, zm) R, ][IVQWmIQ <C
Sk

for all Sj near the origin. By applying the Poincaré inequality to

—~ 3_

Won(Riw, Riy) /R~ ¢

in {y >0,1 < 22+ y? < 2} and using (6.34) we deduce that

3

(6.35) |Wm| < Cr27° near the origin.
We can now use elliptic estimates to conclude that
W,, — K weakly in L2 (D)
and
(6.36) 2,AK — A’K =0 in D.

K also satisfies the homogeneous boundary conditions of (2.2)—(2.6) in a weak sense
and, by [9] (as in §3), also in the classical sense. From (6.35) we get the same bound
for K and then, by the regularity results established in [5] and [6],

D°K =0 (r%—‘d‘)

for |o| < 3. Since K is bounded in D, we can use the Phragmén-Lindelof theorem
of Lax [8] (see also [6, Lemma 7.2]) to deduce that K decays exponentially fast in
D as |z| — oo; by elliptic estimates we get the same decay for derivatives D7 K.
To obtain the appropriate decay as x — —oo and prove that K = 0 we multiply
(6.36) by K, the complex conjugate of K, integrate over DN{—M < z < oo} = Dy,
and perform integration by parts. We deduce (cf. the proof of Theorem 3.4) that

(6.37)

PK  K|? | 9°K |
— ” K 2
/ [ Ox? 0y? 0x0y + (Rez) / VK]
D Dy,
roF? 1 |oF(0)]? 1 |oF(—M) |
+O'(R,QZ*)/ ‘% dl’—i—gdﬁo o :IM+§O-ﬁOT
M
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where I/ is the integral of (linear combination of) products DK - DK taken over
Iy=DnN{x=-M}, wherei >0, j>0,i+j <3. Since

][ (IV2W,n|? + VAW, 2] < C for all k,m,

s

this bound holds also for K (and all k). Hence Ij; remains bounded for a sequence
M = M,, — oo. By (5.13), also |0F(—M)/0x| remains bounded as M — co. But
then the left-hand side of (6.37) must remain bounded as M — oo. It follows that
D?K belongs to D and, by (6.36) and elliptic estimates [1], [2] (cf. [7, Remark
10.2]) all the derivatives of K of orders < 4 belong to L?{D N (oo < x < —1)}
and F(—M) — 0 if M — oo. Consequently

Iy — 0 for a sequence M — oo

and thus the left-hand side of (6.37) converges to zero as M — oo. It follows that
K = 0. Consequently
][ Wl — 0.

s
By (6.8) and interpolation we then deduce that (6.27) holds and therefore also
(6.28). This enables us to proceed as before and establish (6.32) and (6.33), thus

contradicting (6.8). We have thus completed the proof in case (6.3) holds.
We next consider the case (6.4), and define

—~ W
|2m | ][ [V2W,, |2
s
Then
1/2
(6.39) 2] ][ VLR =1,
s
1/2
(6.40) ][ VAW, |2 <1,
s
and
(6.41) 2 AWy — A2 Wey = fin, / [ |* — 0.
s

Consider first the case (6.5). We can proceed as before to deduce that

][ VAW, |2 — 0

s
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and similarly that
ol 922 0,
s
which is a contradiction to (6.39).
If 2, satisfies (6.6) then W,,, — K weakly in L% (D), and
2AK — A’K =0 in D;

K also satisfies the homogeneous boundary conditions (of (2.2)—(2.6)) in the weak
sense. As before we deduce that K = 0, and we can then proceed as above to derive
the relation

|zm ] / |V2ﬁ7m|2—>0 as m — 0o,
Stom

which is a contradiction to (6.39).

7. THE CASE Ry, ~1 wiTH (5.15), (5.16)

We shall consider separately the subcases
1/2 1/2

(1.0) sup | f1Fn = EaOF | Jon] = sup | f10720 -~ Fa@)F |
k k
Jk Jk

1/2

(12 sup | [1Fn = EaOF | 2] <sup | f1072(E ~ Ba(O)F
k k
J}C Jk

We begin with (7.1). Introduce

— W, _ Fu
(7.3) Wi

1/2° Fn

lﬁm—mwv fmfmwv
Tk, Trem

and the corresponding source @m = (Zim,gm, Cm,, Ibm ), given by

(7.4) Qum = @m 7
][ |Fm - Fm(0)|2
ka

Then, by (5.23),

(7.5) 1Qmllx = o(|zm|) as m — oo.

We shall analyze first the case where |z,,| — oo. It will be enough to consider
the situation where (6.15) holds. Clearly

(7.6) ][ |E — Fra(0))? = 1, ][|ﬁm —Fp(0)?<C forall k,
Jk

Tk
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1/2
(7.7) ][|a;/2(ﬁm CEO)2| < Clem| forall k
Ji
and, by (5.15), (5.16),
(7.8) ][ |V2Wm|2 — 0 for any k, as m — oo,
5
1/2
(7.9) ][ VAW, |2 = 0(]zm|) for any k, as m — oo.
s
By (5.12), also
[Wlly, — 0.
The last relation implies, by (5.7), that
1/2
FIVTa | =llog1 =9l (1)

for 2 <y < 3, where 1 — y is the distance from Q, to the line {y = 1} and

o(1) = 0 if m — oo. (The Qg form partitions of the LJQ.)
By (7.8) and Poincaré’s inequality it then follows that
(7.10) ][ [V Wp|? — 0 for any k, if m — oo,

s
and, by the trace theorem,
1/2

(7.11) ][|81Wm|2 — 0 if m — oco.
Ji

Applying again (7.8), in conjunction with (7.9) and interpolation, we deduce, by
the trace imbedding, that

1/2

(7.12) ][|8;Wm|2 =o(lzm|) (j=0,1,2,3).
Jk

Using (7.11), (7.12) in the boundary condition (2.5) (for Wi, F,,), we find that

1/2

Floseal | =ollen)
Jk
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Since further |Fy, (0)] = 0(|zm|*2) = 0(|zm|) by (5.16), we also have (by using (7.6))

1/2
ﬁmﬁ = of|2m])
Ji

and, consequently,

1/2
(7.13) Floiful? | =ollznl) G <i<3).
Jk
From (7.12),(7.13) it follows that the functions a,, (in (6.25)) satisfy
1/2
][|agam|2 — o|2m]) for j = 0 and j = 3.

Jk
Using this relation and (7.13), (7.12) in the boundary condition (2.4), we get
1/2

][|8§}~7‘m|2 =o(l) asm — o0
Ji

for j = 0,1,2. The proof shows that this last estimate actually holds uniformly
with respect to k, so that

1/2

sup ][|8£ﬁm|2 — 0 if m — oc.
k
Jk

Taking J with R — 0, we deduce that
F,(0) — 0
and therefore
][ |E — Epn(0)> — 0 if m — oo,
I
a contradiction to the first part of (7.6).

In case lim z,, is a finite number the proof is the same with o(|z,,|) replaced

m— 00
by o(1) everywhere.
Suppose next that (7.2) is satisfied. We introduce the functions

F,
m 1/27 m

F 1072, - Falo) F 1022, - Bao)
ka J’Wn

and proceed to obtain estimates similar to the previous case. Since (7.11) and (7.12)
hold not only for 9, W,, and 92W,, but also for ai/ 2Wm and 82/ 2Wm respectively
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(with the same proof; in deriving the estimate for 0L/ *W,, we use also (7.7)), we
obtain from the boundary condition (2.5) for (W, Fi,,)

1/2
][ O72(Foy — FnO) | = of2m]),
ka

which is a contradiction.
In Section 8 we show that the case (5.14) can be reduced to the case (5.13) with
R, — 0.

8. THE CASE Rj,, — 0 WITH (5.13)

If Ry,, — O then S, — 0, and it will be convenient to work with the scaled
functions

(8.1)

Won (@, ) = Won (2,4, 2m) = Won (i @, R s 2m), Fn(2) = Fo (B, ),
am () = am(Rp,, ), by () = by (Rp,, ), ém(x) = com(Ry,,x).
Thus if (5.13) holds then the “sup” in (5.13) is achieved by

(8.2)
1

/2 1/2
1 ~ ~
g(ka,Zm) Rim <|Zm| + RT> ][|V2Wm|2 =+ ][|V4Wm|2 9
km
B B

whereas if (5.15), (5.16) holds then the “sup” in (5.15) is achieved by

m

(8.3) 1/2

2
+ ][|a;/2(ﬁm — n(0)
J

oRezn) | 080 =~ @) 2R, (2] + )
J

Here B is a scaled version of S, of dimensions ~ 1 and J = BN{y = 0}; B and J
depend on k,, but, to keep the notation simple, we shall not indicate this explicitly.
In this section we shall consider the case (5.13) and, very briefly (in the paragraph
following (8.29)), the case (5.14).

It will be convenient to consider separately the three cases:

(8.4) Ry, Zm — w, w finite and # 0,
(85) kazm - Oa
(8.6) Ry, |2m| — 0.

We shall first consider these cases under the assumption that (6.1) holds.
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Case (8.4). We normalize W,,, F,,, by

i Wm = Fm
(8.7) W = ok F, = ok
JA FIvim
B B
so that
(8.8) ][|V4Wm|2 —1
B
The functions Wm, ﬁm satisfy
(8.9) R} 20 AWy, — AW, = [, in Dy = Ry, D
with the boundary conditions
(8.10) Wi (2,0) = 9, Wy, (2,0) =0 if 2 >0,
OFy  OW

(8.11) Ry, zmFm + Bo

(8.12)

PW  BW,,  BFn 5, OWm g -~
8$28y 8y3 to Ox3 kazma—y o ka bm = bm if y= 0’ z < O’

W Oz :ka&mEam if y:0,$<0,

(8.13) 8;?;“1 - % =R} ém=cm if y=0,2<0.
Here
1/2
fin5) = Bt (Rio, R, )/ | f 19970,
Sk
From the definition of k,,, we have
(8.14)
12 1/2
9(Ry, 2m ) R} ][|V4Wm|2 < Cy(Rp,,2m)Ry, ][ VAW, |2
Sk s
for any Si. Taking Rx ~ RRy, , we get
1/2

(8.15) R ][ VAL | < c% < Ch(R)

(BrR\RR/2)"

if m is large enough, where, by (5.1),

Rt if R > 1,
(8.16) h(R) =
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Similarly, using (6.1) we deduce that
1/2
(8.17) R? ][ V2 W |2 < Ch(R).
(Br\BRry2)*

Since Wm(x, 0) = ame(x, 0) = 0 if > 0, from the last estimate and Poincaré’s
inequality we deduce that

(8.18) |Wm|Lao((BR\RR/2)+) < Ch(R).
We next recall that, by (5.13),
(8.19)

1/2

1
9(Rk, zm) | Rk <|zm| + R_> ][|Fm — F,(0)]2
k
Jk

1/2
7/2
1) | 101~ B0
Ji
1/2
< ColRu, ), | I9HWP
s
for all k. Taking Ry ~ RRy,  , we deduce that
(8.20)
1/2 1/2

ﬁm—m@v +m2f@wm—m@w < Ch(R),
JR JR

where Jg = (Br\Bpg/2) N {y = 0}. We also have

1/2
- 1 —
|[Fm(0)] < E;Tgag(ka,zm) t%WVAMARP
" B
2e€

A

< 1 L R:<C
= |Zm|1/2 |Zm|1/2 km =
and therefore, by (8.20),
(8.21) F,, — f in C°[=N,0] for any N > 0,

for some function f. (More precisely, we have to go to a subsequence of ﬁm)
From the definition of fi,, and (5.11) we get, for any R > 0,

1/2

(8.22) || — 0 as m — oo.

(BrR\BRr/2)™
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Similarly, we deduce that
(8.23) Gm — 0, by — 0, & — 0 in L2 (—00,0).
From (8.18), (8.15) and (8.21)—(8.23) we easily conclude that
W — ¢ weakly in Hy\,.(D\{0}),

and ¢, f form a solution to the elliptic problem

(8.24) A’p=0 in RZ,
(8.25) o(x,0) = dyp(z,0) =0 if x>0,
of op ..
(8.26) wf—|—ﬂ0%—%—0 if y=0,2<0,
03 03 o3 f )
(8.27) 3ax28y+a—y3+a%—0 if y=0,2<0,
%y 0% )
and
(8.29) lp(a,y)| < Ch(r), | f(z)] < COL+a])2*

where r = /22 + y2. By a Liouville type theorem (Theorem 10.2 of [7]) the only
solution of (8.24)—(8.29) is ¢ =0, f = 0. Consequently

Wm — 0 uniformly in compact subsets of D,

and weakly in Hif (D\{0,0}). Using this fact we can now use truncation, as in §6,
and Lemma 4.3 in order to prove that

1/2

][|V4Wm|2 — 0 as m — 00,
B

which is a contradiction to (8.8).
We now digress in order to analyze the case where (5.14) holds.
We define Ry, = 1/|zm,| and proceed to normalize by

—~ W ~ F,

- Fu(0)
Since Fi,(0) = 1 and |z,]'/? = R, /* = g(Ry,,, 2m), it follows that (8.17), (8.18)
and (8.20) hold with the same function h(R) as in (8.16)‘. Consequently, (8.21)
holds, Wy, — ¢, and (p, f) forms a solution to (8.24)—(8.29). By [7, Theorem
10.2] ¢ = 0, f = 0. But since F,,(0) = 1, we have f # 0 (by (8.21), which is a
contradiction.

We next consider:

Case (8.5). We can proceed precisely as before, except for one difficulty, namely,
we cannot assert that F,,(0) is bounded since Rk, 2z, — 0. To overcome this
difficulty we introduce the differences

G = Fyp — Fin(0)
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and rewrite (8.11) in the form

~ ~ 0Gm Wy
(830) kaszm(O) + ka Zme + 50 Oz - Oz = Qm.
Then, for any R > 0, (8.17)7 (8.18) and (8.20) hold with
h(r) = rae

provided m is large enough, and

Wi — ¢, éV"Vm — f
in suitable norms. Consequently, (8.30) yields
(8.31) Ry, 2mFn (0) — ¢*.

If ¢* = 0 then we can use a Liouville type theorem (Theorem 10.1 of [7]) to deduce
that ¢ = 0 and f = 0, and we can proceed to derive a contradiction as in case (8.4).
It therefore remains to consider the case

(8.32) ¢ #0.

Set g = f 4+ ¢*x/Bp. Then by the Liouville type theorem cited above, applied to
(¢, g), we have

=0, g=0
Consequently
o
f(x) 5"
and
o 2
(8.33) / ‘ ﬁo dx — 0 if m — oo, for any N > 0.

On the other hand, by (8.20), if 0 < N < 1 then

/ |F—Fn(0))?<C > R ][ |F, —
O0<R;<N
<C Y RihZ(Rl-) <C Y  RIT*<CONYE
0<R;<N O<R;<N

since we can take R; ~ N/2!. A comparison with (8.33) shows that ¢* = 0, a
contradiction.
It remains to consider:

Case (8.6). We divide it into three subcases:

(a) RE, |em| — oo,
(b) R; 2z, —w, w finite and #0,
(¢) Rp zm — 0 (but Ry,,|zm| — co).

Case (a). The situation is similar to that in §6 with |zm| — 00. Since Ry,

| 1/2

|2m we need to use, on S,(~C ). the estimate (6.14) for W,, and similar estimates
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for V2(2;, W) (cf. (6.17)) and V4W,,. On S,il) the estimates remain as before
(for example, (8.14) holds with Sj = S,il) and (8.20) holds with h(R) = R(/2)~¢).

If we set ¢ = lim (z,,W,,) then ¢ satisfies

(8.34) Ap=0 in R%,

(8.35) Oyo(z,0) =0 if —oo<z<0,
(8.36) o(z,0)=0 if 0<a< oo,
and

lo| < Ceuyllogyl if © > €0,0 <y <1 (for any € > 0),
whereas
(8.37) lp| < Cr2=cifr> 1.
Near r = 0 we also obtain the bound
ol < Crm27e
for z < 0. From the series expansion of ¢ near the origin we then infer that
o = Ar~3/% gin 3—29 + Br~ /2 sing +0(r'/?)
as r — 0. The function
v=p— Ar—3/2 sin 3—20 — Br~ /2 sing

is harmonic in R? | satisfies the same boundary and growth conditions (8.35)~(8.37)
as o, and is continuous at the origin. By comparison, for any small § > 0

0
+1p < 6r'/%sin 5 i RZ N {z? +y* < p?}

if p is large enough so that the inequality holds at r = p. It follows that ¢ = 0, and
thus

30 0
(8.38) © = Ar~3/2 cos 5 + Br2 cos 7
Lemma 8.1. A= B =0, so that ¢ =0.

The proof, which is similar to that of Lemma 6.1, is given in §15.
Since p =0,

(8.39) W, — 0 uniformly in compact subsets of @\{(0, 0)}.
We can now use cutoff, interpolation and Lemma 4.3 (as in §6) to deduce that
1/2
(8.40) f|V4Wm|2 — 0 as m — oo,
B

which is a contradiction.

Case (b). In this case p = lim W,,, satisfies

m—00

wAp —A%p=0



TIME-DEPENDENT COATING FLOWS IN A STRIP 3031

in Rﬁ_. Multiplying (8.11) by a test function and integrating, and using the assump-

tion Ry, |2m| — 00, we deduce that F,,, — 0 in the distribution sense. Consequently
the left-hand side of (8.12) converges, in a weak sense, to

o Do 0p
0x20y  Oy3 uJ(’?y'

The right-hand sides of (8.12) and (8.13) converge weakly to zero since ||Qm [l x — 0.
Using elliptic estimates ([1], [2] and [9]) we find that ¢ is a classical solution to the
elliptic problem

(8.41) wAp =A% in RZ,
(8.42) o(z,0) = dyp(z,0) =0 if x>0,
Do D3 O _

A4 —_— - = if =
(8.43) 35;10283/ 53 w 9y 0 if y=0,2<0,
D?p D .
(844) W_a_?ﬂ_o if y=0,2<0,

and, furthermore, from the definition of g(R, z) and the analysis that let to (8.29),

1
rz=Cifr > 1,
(8.45) lo(z,y)| < {

rateifr < 1.

We appeal to another Liouville type theorem (Theorem 1.1 of [7]) to conclude
that ¢ = 0. Hence (8.39) holds and we can proceed as before to derive (8.40), which
is a contradiction.

Case (c). This case is treated similarly to case (b), the only difference being
that w = 0 and

lp(z, )| < Cratein RZ.

Here we need to appeal to a different Liouville type theorem (Theorem 10.1 of [7]).

So far we have dealt with the case (6.1). If (6.2) holds then we normalize W,,,
F,, by dividing by

1/2
ol | f 1P
e

km

and proceed as before with minor changes (cf. §6).

9. THE CASE Ry, — 0 wiTH (5.15), (5.16)
We again treat separately the three cases (8.4), (8.5) and (8.6).
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Case (8.4). We normalize by

(9.1)
Wi = 1/2 o 1/2°
Flon =B ] 4 ( Flor 2~ Eato))
J J
B = L o
Flon= B+ | f100 (- Fa)P
J J
Then
1/2 1/2
9.2) ][|ﬁm B0+ ][|a;/2(ﬁm B2 =1
J J

Also, since g(Rk,, , 2m) ~ R,;llﬂ,

C

|zm|1/2R;/2 <C ifm— o0

|Fn(0)] <

We can proceed to analyze f/[v/m, F,, as before, proving that Wm -0 weakly in H*
and ﬁm — 0 in some norm, weaker than H 7/2. Next truncate Wi, f‘m as in §6,
obtain an elliptic system for the truncated pair, and apply Lemma 4.3 to deduce
the stronger convergence:

1/2

1/2
(9.3) ][|ﬁm ~E.0P] ¢ ][ 072(F — B2 | — 0
J J

this is a contradiction to (9.2).

Case (8.5). We again normalize as in (9.1) and proceed precisely as in case
(8.5) in §8 to prove that
(9.4) Fr — Fn(0) — —;—x in L%(—N,0)), for any N > 0.
0

Let €y be any small positive number. For each m let p,, be the largest R such
that RRg,, |zm| <1 and, for R < py,,

1/2 1/2

(9.5) ][u?m B 0P| +R? ][|a;/2(ﬁm CELO)E] >R
JR JR

clearly p,, > 1if m is large. If p,,, Rz — w # 0 then we can proceed as in case
(8.4) (replacing Ry, , by pmRk,, in (8.1)) and prove that the left-hand side of (9.4)
is convergent to zero, which is a contradiction. Thus it remains to consider the case

(9.6) pm R, zm — 0.
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We define

Then (9.5) becomes

1/2

1/2
<w>lﬂm—mmﬁ +—f@%m—mmw > R/ pm,
JR JR

and we proceed as before up to the asssertion (8.31), which is now
pm Rk, zmFr (0) — .

This implies that Ry, sz'm(O) — ¢*, and therefore ¢* is independent of ¢y. Further,
as before,

G: = F* — F*(0) — —;—x in L*(—N,0)
0

for any N > 0. Because of (9.6), equality must hold in (9.7) for R = p,,, (otherwise
pm could be increased, which is a contradiction to the definition of p,,), and so

1/2

FiE-FOF| <
Jom

Taking m — oo and comparing with (9.4) we see that |¢*| < Ceg, where C' is a
constant independent of €y. Since ¢y can be taken arbitrarily small, ¢* must vanish,
and then, as in §8, we apply a Liouville type theorem (Theorem 10.1 of [7]) to
deduce that ¢ =0, f = 0 and proceed as before to derive a contradiction.

Case (8.6). We divide it into subcases (a), (b), (c), as in §8, and normalize by

—~ W, - E,
Wm - Ea Fm - Ea
where
1/2
1 . .
Am = ka <|Zm| + R—) ][|Fm — Fm(0)|2
" J
(9.8) 12
+ ][ |07/ (Fry — F(0)))?
J
Then
(9.9)
1/2 1/2

1 _ _ _ _
Ru (1onl + 5= ) | 1B =t ( 102 - Fut)? ] =1,
m J
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Consider first the cases (a), (b). Using (5.16), we can argue as in §7 to deduce

that (7.10) and (7.11) hold (with S,il), Ji, properly scaled). Next, by (5.1) and the
assumptions in (a), (b),

_1
9(Ripszm) = Ry 2

and therefore

_ CR,*
|, (0)] < % -0
|2m| /2R,
It follows that
1/2 1/2
(9.10) ][|ﬁm|2 < ][|ﬁm B 4 IE.0)<C
JR JR

Using (7.11), (9.10) and the assumption Ry, |z»| — oo in the boundary condition
(8.11), we deduce that

F,, —0 in H '(Jg) for any R > 0;
and, consequently, also

Fp— Ep(0) — 0 in H™'
Noting that

fmﬁﬁmW+fmwm—m@W
Jr Jr

is bounded for any R > 0, we then deduce by interpolation [9, p. 49] that ﬁm —

F,(0) — 0in L?. We can now use truncation, interpolation and Lemma 4.3 to
deduce that

(9.11) FloiFn = Futo? 0
J
for j = 7/2, as well as for any smaller j. We can next apply truncation and

interpolation as in §7 to deduce that

1/2

1 ~ ~
(1l + o ) B | f1Fw =) =
k
J

m

and, together with (9.11), this is a contradiction to the normalization (9.9). Case
(c) is treated similarly. The only difference is that instead of (9.10) we have

_1_
9(Rr,s 2m) = |2m| R 2
and

~ C C
|Fm (0)] < — < —.
2|V 2z RETS T (Bulzm)2 7

Since Ry, |2m| — 00, F,(0) — 0, and we can proceed as before.
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10. COMPLETION OF THE PROOF OF LEMMA 5.1

We have proved so far that if
||(WM7Fm)||y1 > ”WmHYz + HWm”Ys

for some ¢ > 0, then we get a contradiction to (5.11). Suppose next that (5.17) (or
(5.18)) holds. Then we can proceed as in the previous sections, making only small
changes. If Ry, — 0 then we rescale the W,,, F,,, as in (8.1); we also normalize

Wi, E,, so that, for the new Wm, ﬁm,

(10.1)
the expression in brackets in (5.17) (or (5.18)) is equal to 1 at k = ky,.

The arguments in Sections 6 and 8 show that Wm — 0 if m — oco. We can then
use cutoff, interpolation and Lemmas 4.1, 4.2 to derive a contradiction to (10.1),
by showing that the expression in brackets in (5.17) (or (5.18)) converges to zero if
m — oo. Here, basically, instead of

1/2 1/2

|2 | R* /|V2Wm|2 and R? /|V4Wm|2
S}(CU S](cl)

we have to work with
1/2 1/2

|2 | R? / [y VAW, |2 and R? / [y VAW, |2
57(62) 57(62)
(Actually, S,(f) should be replaced by the Qi, and the factor y in Qgy, should be

replaced by the dg,.) The factor y dimensionally fits with all the interpolations
which we need to perform.

11. EXTENSION OF LEMMA 5.1

We shall need an extension of Lemma 5.1 in which we add under the max{---}
in (5.6) the expression

(11.1)
1/2

(W, F)||z = supy, |g(Ra, 2) |RyTV?|2| ][Iai”ayvv(x,on?
Ji

1/2

+ Ry | ][ |0, W (x,0)|2

Jk
+R? 2| ][ \DY*(F(z) — F(0))]
Ji
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Lemma 11.1. Let z, W, F be as in Lemma 5.1. If the expression in (11.1) is
added in the left-hand side of (5.6) under the “maxz” sign, then the left-hand side
of (5.6) still remains bounded by

ey4 1
"2 log 2| | 1Qllx-

Proof. Tt suffices to show that the expression in (11.1) is bounded by the right-hand
side of (5.6). Consider the scaled functions

(11.2) Clz

W(z,y) = W(Rgx, Riy), 13'(3:) = F(Ryx)

and the corresponding scaled i, a, b, é. Then

(11.3) (R22)AW — A’W = R}f,
(11.4) W (x,0) = 8,W(x,0) =0 if x>0,
R oF oW .

(11.5) RkZF—Fﬂo%—%—Rka if y=0,2<0,

PW  BW  PF )% .
11.6 3 —(R22)— =R3b if y=0 0
(11.6) 8x28y+ 3 +08x3 (R;z) 9 2b if y=0,2 <0,

2w 92w

(11.7) =Ri¢ if y=0,2<0.

o2 Oy?

Next we introduce a cutoff function n(z,y) with 37n/0y* =0 at y =0 (0 < j <
3), and set

Then W satisfies
(11.8) (R22)AW — AW =f in R2,
where
o= H@*W, 0*W, oW, W, z0W, W)
is a linear combination of the indicated variables, and the boundary conditions
(11.4)-(11.7) with Rya, R3b, Ri¢ replaced by
@ = Rena + BoF'dun — W,

1 2
8—W8177 —6Wd3n — 300, W - 02n — 308—W8177,
0zxdy

T _ p3.7 by 2
b= Rynb+ 30,W -0;n—6 92
= R2né — Wdn — 20,W - 9.

We now use Lemma 4.3 in order to estimate

(11.9)

1/2 1/2

0 0
N R T I R (Y AT

1/2

0
el / D32 F () ? (€= R3)
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by (11.2). (Here we have replaced the parameter ¢ in Lemma 4.3 by € in order not
to confuse it with the e that occurs in (11.2).) Actually we get also lower order
derivatives of W, " on the right-hand side (as in §6), but these can be estimated
by Lemma 5.1 and interpolation. In particular we note that by writing

(11.10) D, (Fd,n) = Do((F — F(0))3,m) + Du(E(0),m)

we can estimate the lower order derivatives of F’; for example, to estimate D5/ 2F

we use the fact that both Dg/Q(F F(0)) and F'(0) are bounded by terms in (5.6).
Going back to the original coordinates, the bound (11.2) for the expression (11.9)
yields the bound

1/2 1/2

a(u2) [BARY | fIVW o))+ @l R | oW 0

1/2
HeARY? | F 1D (F (@)~ FO)P 44 log ] | @l
Jk
and, since € = RZ, the lemma follows. O

We introduce the norm

(11.11)
1/2 3+1/2 1/2
0V Py =sup ot )t (fI92w) o R fi00, w02
1/2
+ RV D, w0 ) |+ FO) 2
1/2
+sup 9(Rk, 2) ][|F
1/27

LRI ][mg/z(m) _F(0))?
Ji
1/27

+sup |[g(Rg, z) |sup Ridlm ][|V2W|2
k n
an

1/2_

+ sup Rii ][ VIV |2
| log din|

n

Note that we have collected in (11.11) all the coefficients of |z| that appear in
either (11.1) or on the right-hand sides of (5.6), (5.7).
From Lemma 11.1 we obtain:



3038 AVNER FRIEDMAN AND JUAN J. L. VELAZQUEZ

Lemma 11.2. Let W, F, z be as in Lemma 11.1. Then
e_ 1
(11.12) (W, F)|| < Clz[>77|log |2 [ |Q]l

where C' is a constant independent of z and the source Q.

Remark 11.1. Both Lemma 5.1 and Lemmas 11.1,11.2 are valid for Rez > 0, |z| >
1, provided we replace |log|z|| (in (5.10), (11.2) and (11.12)) by |log(|z] + 1)|.

12. EXISTENCE OF SOLUTIONS

We shall use Lemma 11.2 to establish existence and uniqueness for the system
(2.1)—(2.6) for any z in the region

(12.1) Yo:Rez>0, |z|>1;
actually the proof can be extended to the larger region

Rez > ¢

log(|z] + 1)

for some ¢ > 0, but this will not be needed. We must however first extend Theorems
3.3, 3.4 to sources @ = (a,b, ¢, u) with ||Q]|x < oo.

Consider first the case where z > 1.

Take smooth data a,b, ¢, p with compact support and reduce the system (2.1)—
(2.6) to the system (2.15)—(2.20) with vanishing a,b,c and a new pu, say i, that
belongs to L?(D) (this reduction was carried out in §2). By Theorems 3.3, 3.4, the
reduced system has a unique solution (W, F), and this yields a solution (W, F) to
(2.1)(2.6). By elliptic regularity (see [1] and [2]) the V/W are uniformly bounded
in D\B, for 0 < j <4 and any p > 0, where B, = {22 + y* < p?}. Also, by [6],

- [Imz|, |z] >0,
2|72

W ~ Ar3/2  near the origin.

It follows that ||(W, F)|| < cc.

We denote by T.,Q the unique solution (W, F') corresponding to the source Q =
(a,b, ¢, u) which was thus established by means of Theorems 3.3, 3.4 for compactly
supported smooth data.

Set

BY ={Q = (a,b,c, iu);a,b,c and p vanish
(12.2) if |z] is large enough, and [|Q|| , < oo},
B. = closure of BY under the norm | ||,

Approximating by a sequence of cutoff functions, one can easily verify that the class

B, contains all sources with finite || ||, -norm which satisfy:

(12.3)
| llim p(z,y,z) = 0 uniformly in y,
lim dya(z,2) =0 (0<i<3), lim 8b(x,2)=0 (0<j<1),
lim Oe(z,z)=0 (0<k<2).

Lemma 11.2 enables us to extend the solution of (2.1)—(2.6) (and uniquely so)
to all @ in B,:
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Theorem 12.1. For any z € Y, and for any Q = (a,b,c, ) in B, there exists a
unique solution of (2.1)~(2.6) having finite norm ||(W, F)||, and

e_1
272 log(lz[ + DI 1@l x -

where C' is a constant independent of Q, z.

(12.4) (W, F)ll < Clz

Proof. We have already proved the assertion for real z, z > 1. Let Z be any complex
number such that Rez > 0, |Z] > 1, and suppose the assertion of the theorem is
true for Z. We shall extend it to all nearby z. Writing z = Z+ (2 — 2) everywhere in
(2.1)—(2.6) and moving the terms with z — Z to the right-hand side, we can rewrite
the equation

(W, F) =T.(Q)
(this means, the solution (W, F) corresponding to the source Q) in the form
(12.5) (W, F) =Tx(Q) + (2 = 2)T=(S(W, F)),
where

S(W, F) = (F,—W,(x,0),0, AW).

Denote the right-hand side of (12.5) by G(W, F'). Then (12.5) means that (W, F')
is a fixed point of the mapping G.
Notice that

(12.6)

|G(Wh, F1) — G(Wa, By)|| < Clz|27 % [log(|2| + 1| 2 — 2| (Wi — Wa, F1 — B)]|

and, therefore, if

~ 1
|z — 2| < —— i <where € < —) ,
2|27 2 | log(|z] + 1) c

then G is a contraction. Further, by Lemma 11.2, G maps the ball of radius 1 and
center 13Q), i.e.,

{Il(W, F) = T:Q| < 1},

into itself if €y is small enough. It follows that G has a unique fixed point, and it
belongs to this ball.

Applying the above result to any z > 1, we can proceed step-by-step to cover all
of ¥y with z-neighborhoods for which (12.5) has a unique solution for any source
Q. The proof of Theorem 12.1 also yields the estimate (12.4). |

Remark 12.1. Note that @ in (12.5) is the source (a(z, 2), b(x, 2), c(z, 2), u(z, y, 2)),
whereas the norms in (12.6) are defined as in (11.11) with z replaced by z.

Set
k(z) = 2|92 log(|2] + 1)].
Corollary 12.2. The solution established in Theorem 12.1 satisfies
(12.7) (W, F)lly + (W, F)|lz < Ck(2)[Ql|x-
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Indeed, Lemma 11.1 is applicable if Q € B? and a, b, ¢, 1 are smooth enough (for
then (W, F) is smooth enough). By approximation, the estimate remains true for
any @ in B,.

We are now in a position to consider the system (1.8)—(1.15) directly. We define

1+ic0
1 z
(128) tp(z,y,t) = % € tW(J?,y,Z)dZ,
1—i00
] 1+ioc0
12.9 t) = — & d
( ) f(z,1) o € (CL‘,Z) 2,
1—ic0

where (W, F) is the solution corresponding to the source

and a, b, ¢, u are the Laplace transforms of ag, by, cg, o, respectively. We assume
that the data ag, by, co, po are such that

Q.€B., Vz,Rez>1,
k(2)]|Q:llx <C Vz,Rez>1,
(12.10) e
E()Q:lxd|z| < oc.

We introduce the norm
1+i00
(12.11) (e, Ol = / W, F)|ly + [[(W, F)|lz] d|=],

1—i0c0

where the norms on the right-hand side are defined in (5.6)—(5.9) and (11.1). By
Lemma 11.1

(12.12) |W, )iy + | (W, F)|| 2 < Ch(2)][Q:]|x
and hence
14200
(12.13) I fll <C / B(2)1Q- | xd2].
1—ioco

The pair (¢, f) is a generalized solution of (1.8)—(1.15). Although it is not a
classical solution, all the spatial derivatives which appear in (1.8)—(1.13) exist in a
“strong sense”; in particular, if Ry ~ 1,

(12.14)

1+ic0

f|viygo<x,y,t>|2 ][Iwawxy, <c / 91Qulxdl -

S,(Cl) S(l) 1—ico
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By interpolation of some of the components of the norms in (11.11) one can show
that
1+zoo

(12.15) |<x%|<cb/ ) Q.1 xdlz] < oo,
1—i00

and that ¢ is a continuous function in (z,y,t), forallz e R, t e R, 0 <y < 1,
except possibly at x =0,y =0,t € R.

We next prove that ¢(z,y,t) =01if ¢ < 0.

For any large positive number N, introduce the half circle T'y = {|]z — 1] =
N, Rez > 1} and the two arcs

FNE_FN0{5—6<|argz|<2} € > 0.

Since W (x,y, z) is analytic in z,

14+ Nz

/ / / ' W(z,y,2)dz = 0.

1-Ni TI'ne I'n\I'n,e

‘/~Wsc/’mﬂmh<0a
I'ne

N,e

' / ---‘<C / ezl ltl 0 if N — oo,

PN\I'n,e Pn\I'ne

Also,

Using (12.8) we conclude that ¢(z,y,t) = 0 if ¢ < 0. Similarly one can show that
fz,t) =01if t < 0.
We summarize:

Theorem 12.2. If the data ag,bo, co, o satisfy the conditions in (12.10) and if
(1.15) holds, then there exists a unique generalized solution (o, f) of (1.8)—(1.14)
in the sense that ||(¢, f)|| < oo and it satisfies (1.8)—(1.14) in the a.e. sense;
furthermore, the estimate (12.13) holds.

Note that the solution (¢, f) was (uniquely) defined as the inverse Laplace trans-
form of the unique solution (W, F') established in Theorem 12.1. However, for any
two classical solutions (¢1, f1) and (@2, f2) of (1.8)—(1.14), suitably bounded at oo
and at the origin in both the (z,y) and ¢ variables, the Laplace transforms (W7, F;)
and (Wa, F3) will have a finite norm || || and thus they will coincide, by Theorem
12.1, so that ¢1 = @2, f1 = f2. Of course, we have not established here the existence
of such classical solutions to (1.8)—(1.14).

13. GENERAL DATA

In this section we extend the existence and uniqueness results of Theorem 12.2
for the linearized problem (1.8)—(1.14) to general data, namely, to data which do
not necessarily satisfy the restrictions in (1.15). We assume for simplicity that

0o =0ypo=0ify=1,—c0o <z <00

(13.1)
and if y = 0,0 < z < o0.
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We also impose the consistency condition

(13.2) %2;’;0 - 8;;’20 = co(z) if y=0,—00<z<0.

We first wish to construct a solution (1, f1) in the special case of data
(13.3) ao(z,0),bo(x,0), co(x,0), uo(z,y,0).

Setting

(pl(aja yvt) = 902(:173 yvt) + @0(173 y)v fl(xvt) = f2($a t) + fo(JT),
the pair (@2, f2) must satisfy the system:
0

(13.4) E(AW) — A0z = pio(+,0) + A%pg = i in D,
(13.5) @2:%:Oify:1,—oo<x<oo,
Jy
(13.6) @2:%=Oify20,0<x<oo,
y
df2 0fs  Opa 0fo  Opo _ -
(13.7) ot Ty T ar - @0 —hg o+ p=a

Doy P Doy Py
13. -
(13.8) Somzay T o o oyt

0
—bQ(ZE,O)— <38x28y+ ay3 +08$3

EEifyzO,—OO<J:<O,

py 0o ,
(13.9) 02 O =0ify=0,—0c0 <z <0,
(13.10) p2(2,9,0) =0, fa(z,0) = 0;

in equation (13.9) we made use of the consistency condition (13.2).
We can solve this system using the Laplace transform. Indeed, denote by Ws,
F; the Laplace transforms of (2, fa, respectively. Then

AW, — AWy = £ in D,
z

2Py + fodFy — 0, Wa = = if y=0,—00 <z <0,
z
etc. By the method of §12 we know that for any z in ¥ this problem has a unique
solution (Wa, Fy) satisfying
Ck(z

z|

~—

[(Wa, Fa)|| < 1Qllx

where @ is the source
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Notation. Denote by ||Q(0)|| the right-hand side of (5.5) with a = a, b= b, ¢ = 0,
u = p and with the term

1/2
RZ—O—l/Q ][|Z|l/4lg|2
Ji

removed (from (5.4)).

Clearly
1Ql1x < Cl2[~**Q0)]| s
so that
Ck(z
(13.11) 102, o)l < e 1O
Now define (g2, f2) by
1 1+i00
(13.12) pr=r [ EWaloy2)dz,
1—io0
1 14200
(13.13) falz,t) = 57 e Fy(x, 2)dz.
1—ioco

Using the estimates (13.11), we can proceed as in §12 to prove that @o(z,y,t) =0
and fao(z,t) = 0 if t < 0, and (2, f2) is a solution of (13.4)—(13.10) in H?(D);
furthermore,
14700 Ck-( )
z
(w2, f2)[| < CIQO) £ / P < Q)] 4

1—ic0

if we choose € < i, where the norm ||(2, f2)|| is defined as in (12.11).
Next denote by (s, f3) the solution of (1.8)—(1.14) with ¢o(z,y) =0, fo(x) =0
and data
aO('v t) - 0’0('3 0)7 bO('a t) - bO('v O)a CO('? t) - CO('a 0)7 /LO('a t) - MO(.7 O)a

its existence and uniqueness were established by Theorem 12.2. In the Laplace
transform notation, the sources for these data will be denoted by Q.(-) — Q(0).
We shall use the notation

Q)= Q(0) = Q=(-) - Q:(0)
where the caret indicates the Laplace transform. Then we have
1+ico
sl <€ [ HIQE)— QO)lxdlzl.
1—ioco

We summarize:
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Theorem 13.1. Assume that (13.1), (13.2) hold and that

1+ic0

<Q>EIIQ(0)|\E+/ K(2)IIQ() — Q(0) | xd2|

1—i00

is finite. Then the functions

po=po+w2+tes, [f=fotfo+[3

form the unique solution of (1.8)—(1.15) with finite norm ||(¢ — o, f — fo)l|; more-

over,

(0 = wo, f — fo)ll <C(Q),

where C' is a constant independent of the data.

Here the concept of uniqueness is in a sense similar to that for homogeneous

data (as explained at the end of Section 12).

14. PROOF OF LEMMA 6.1

We need to extend the a priori estimates of Section 4 to include estimates of lower
order derivatives of W and F' in terms of lower order derivatives of the source. To

this purpose we define

0, Wlwy) = [ledn. 0" w(ew) = 0, (5,0 Vuen)

and

. BYERG y>|2
oz 0y bl = 4 [t
0

1/2

SR O 100
||az a||L2(]R) - / (1 + |k|2)gdk‘ ’

— 00

where (k, y) and a(k) are the Fourier transform of 1 (z,y) and a(z) in z.
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In order to extend Lemma 4.3 we define

NOVENI = § [ do [y (94w + el 2w

—00 0

+ /dx [le221939W (, 0)? + |2/ V* =Wz, 0)
eIV EIW (@, 0 + [e2[2F1/210,90, W (2, 0)[?]

00 1/2

+ [ e [IDEF@P + 2| DY IP@P + PIDE T F@P]
Q15 = § [ do [ a9 inte P

—00 0

+ / de [|03 a1 03 b2 + |exl (b + (03 7 ef?

1/2

+ Jez| 210, el

where Q = (a,b, ¢, p).

Lemma 14.1. For any solution (W, F) of (4.35)—(4.39) satisfying (4.42),
(14.1) W, F)lll-; < ClQlI-; (1 =0,1,2,3),

where C' is a constant depending only on Ry.

This lemma coincides with Lemma 13.2 of [7] if ¢ = 0. The proof for € > 0 is
quite similar if we use the observations made in the proof of Lemma 3.2 of [7].
We shall apply Lemma 14.1 to prove:

Lemma 14.2. If (W, F) is a solution to (4.35)~(4.39) and W € L*(R%), F €
L?(R), then

VWl L2z ) < ClW |2z + ClIF |22y + ClIQlo,

(14.2)

||V4W||L2(Ri) < CA+elzDWllp2@z) + ClIF L2y + ClIQllo,
and
(14.3) ID7/?F|| 2y + |2 2| D*F || 12wy + |2| | D2 F| 2wy

< C(1+€lz) W]l L2z + ClIF || L2y + CllQllo,
where C is a constant independent of z,Q and (W, F).

Proof. We follow the same procedure as in the proof of Lemma 7.1 of [7]. We
introduce cutoff functions 7 (1 < k < 4) such that 0™n,/0y™ =0if 1 <m <3
and the support of each 7 is contained in the set {nx_1 = 1}. We define

Wi =mW, Fy=mnF.
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Then
2AW), — A*Wy, =
where each py is a linear combination of
V3W, e2VW, VW, ezW, W and p

with coefficients that are derivatives of 7y and thus vanish outside {ny—1 = 1}. The
corresponding boundary data for the Wy, Fj will be denoted by (ag, bk, ck). The
coefficient ay, is a linear combination of

F,D,W and a,

by is a linear combination of
0.0, W, 0,W, 02F, 0,F, F and b,

and ¢, is a linear combination of

0, W, W and c.

We apply Lemma 14.1 with j = 3 to (Wy, F}) and thus obtain an L? estimate of
VWi, €z|V™IW, and 8,F, |2|Y2F), 2|07 F
by
ClviWllzrz) + ClnFll 2w + CllmQllo,

where v is the characteristic function of the support of ;. Next we apply Lemma
14.1 with j = 2 to (W, F») and, upon using also the previous estimate, obtain L?
bounds on

32 Fy, 2120, Fy, |2|0Y%F,
in terms of
(14.4) C+ elzDInWlrz@z) + CllmFlL2@) + CllmQllo-
In the next step we use Lemma 14.1 with j = 1 to estimate the L? norms of
VW3, €z|VWs, 9/2F, |2|Y/20%2F; and |2|02/*F3

by the right-hand side of (14.4). Finally, by applying Lemma 14.1 with j =0 (i.e.,
Lemma 4.3) we obtain an estimate of the L? norms of

VAW, 07/%Fy, |2|Y?02Fy and |z|02/2F,

by the right-hand sides of (14.4). From this estimate and the previous estimates
on V2W; we obtain the assertions (14.2), (14.3). O

Let Dy C D; be any two domains in R? (not necessarily bounded), and set
Df = D;n{y > 0}, 9D NR = {(z,0); (z,0) € D;"}. We define ||Q|, p+ by
replacing in (4.40) the integration of p over Ri by integration over Di” and the
integration of the other data over {—co < z < oo} by integration over D;N{y = 0}.

The proof of Lemma 14.2 establishes also the following local version:
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Lemma 14.3. Let Dy C Dy be such that
(14.5) dist(DF, dDF N {y > 0}) > ¢o > 0.

Suppose (W, F) is a solution of (4.35)—(4.39) in Dy". Then
(i) If W € L*(D;) and F € L*(0D] NR), then

(14.6)
(1 + elzDIVEW I ooty + IV W Loy
+||D;/2F||L2(3DO+Q]R) + |Z|1/2”D3FHL2(3DO+mR) + 12| ||D2/2FHL2(3DO+mR)
< CA+elzDIIW L2 pfy + ClIE L2 97 nmy + CllRQllo. oy »

where C' is a constant depending only on ¢y and on Dy, D1,
(ii) If W € L*°(D{) and F € L=(0D{ NR), then

(14.7)
L+ el2DIVW I L2y + IV W 2o
+||D7/2F||L2(8D(TFTR) + |Z|1/2||D3FHL2(8DJHR) + |Z| ||D2/2FHL2(8D(TQR)

S C(L+elz))sup W[+ C sup [F[+CQllg pt
DY dD{ NR

where C' is a constant depending only on cy and on Dgy, D;.

We define [|ul x, p+) as in (5.2) with S,(f) replaced by D .
We shall need an analog of Lemma 14.3 for the elliptic problem

(14.8) AW — AW =y in D,
(14.9) W(z,0) = 9,W(z,0)=0 on 0D] n{y=0}.
We begin with an auxiliary estimate.

Lemma 14.4. If sup |[W| < oo then the solution of (14.8), (14.9) satisfies, for all
DY
(z,y) € Dy,

C
(14.10) W (z,y)l < Cysup W] + mIIuII;Q(D;)yI logyl,
Dl

where C' is a constant depending only on Dy and D1 .

Proof. Consider first the case p = 0 and let W1 = 1, W, where 7, is a cutoff function
in Dy, n; =1 in Dy. Then

AW — AWy = g,
where p is a linear combination of
(14.11) 2NW, W, V3W, V2W,VW and W.
We can represent Wy by Green’s function Vi (R = |z|'/?) as in [7, (8.12)], move

the derivatives in (14.11) from W into Vg (as in [7]), and then use the estimates
on DIVy to obtain the conclusion (14.10) (with u = 0).
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To establish (14.10) in the general case, where p Z 0, we introduce the special
solution

W, (€)= / V(€ — A, 0)u(A, 0)dAds,

Ry
where R = |z|'/2. By the proof of Lemma 4.2,
C
(W < my|10gy| el X, oy -

Consider the function

W =W —W,.
It satisfies
—~ C

(14.12) sup W] < sup W]+ —yllogy| 1l x, pt)-

DY Dy z
By the previous special case of Lemma 14.4,
(14.13) sup |[W| < Cysup |[W|.

Dy DY

Substituting (14.12) into the right-hand side of (14.13), and noting also that

—~ C
sup |[W| < sup [W|+ —y[logyl [lullx, p+)
Df DY 2|

(by the same proof as for (14.12)), we get (14.10). |
We now state an extension of Lemma 14.3 to the system (14.8), (14.9).
Lemma 14.5. Let W be a solution of (14.8), (14.9) such that sup [W| < oco. Then
+

Dl
1/2
C C
2 2
(14.14) /|V W] < Eslljlf|W|+W||M||X2(Dl+)v
o
1/2
Clz| C
(14.15) / W | < = sup W]+ il o)
+ D1+

0

where d = |2|7'/? and C' is a constant depending only on Dy, D;.

Proof. We first estimate the derivatives of the special solution W), by using Lemma

4.1. Next we estimate the derivatives of W = W — W, by truncation, analogously
to the proof of Lemma 14.4; here the estimate (14.10) is used. O

As a first step in the proof of Lemma 6.1 we shall prove:

Lemma 14.6. Under the assumptions of Lemma 6.1,

(14.16) A=0.
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For simplicity we may assume that

(14.17) [(Wan, Em)lly = 1.
We also recall that

(14.18) Ry,, =1, [zm| — o0,
so that

(14.19) Ry, |2m| > 1.

The proof of (14.16) depends on several lemmas.
In the next lemma we shall require only the inequality

1

14.20 m — -
(14.20) IQnllx < =

We shall need to work with the norms [|(W, F)||y taken not over the entire strip
D ={-c0 <z <00,0<y< 1} but only over rectangles
(14.21) Dr={-R<z<R,0<y<l1}

We shall denote these norms by

(14.22) [(W, F)lly.  or, briefly, by (W, 2| -
Lemma 14.7. Suppose

C .
(14.23) [Wh| < PR if P <r<1

for some positive constants M, C. Then, for any constants No > N7 > 0,

_ 1 Ny N
@20 Wl =o(ism) o <o
as m — oo.
Here, of course, W,,, depends on the parameter z,,.
Proof of Lemma 14.7. We first show that
C M
(14.25) W, F)||r < W for all R < W

and some constant C' (independent of z); here, for brevity, we have set W = W,,,,
F =F,,, z = zy. Indeed, suppose (14.25) is not true, i.e.,

1
(14.26) sup (W, F)l[r > ——3,
R<M/|z|1/2 |2|

and denote by R = R, the value of R at which the supremum is achieved. Let

—~ w ~ F
W=——-— F=——
(W, F)||rs, |(W, F)||rs,
Then
~ ~ M
(14.27) (W, F)||lg <1 forall R< ——,
2|12

(14.28) (W, F)|| g, = 1.
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By (14.23), if M|z|7'/2 <r <1 then
C 1 B C 1
32 (W, F)llry, — |2[1=¢/2r3/2 |2]</2||(W, F)]

W<
2]

(14.29) B

< i (v (1420))
Without loss of generality we may assume that
(14.30) RE|zm|V? — ¢ > 0.

Indeed, otherwise we have (for a subsequence) R, |z, |"/? — 0, and we can proceed
as in the case (8.6) (c¢) to derive a contradiction to (14.28).
From (14.27), (14.30) it follows that

1/2

— C 10\ % M
R2 212 < —<C|——= 2te if R
¢ ]['v S S <|z|1/2> N FRE
Sk

Since W (x,0) = 0,W(x,0) = 0 if x > 0, we can apply the Poincaré inequality to
deduce that

—2¢
— 1 1 M
_+E .
(14.31) [wi<cC <—|z|1/2> rzve ifr < e

Recall that W = Wm(:z:, y) and F = F,,(z), and introduce the functions

Win(z,y) = Wi (Ry,x, Ry y), Fm(x) = ﬁ‘m(R:nz)
From (14.29), (14.31) we see that

Clam|i*3

1/2
r3/2 )

|Wm(x,y)| < if 1 <r < Mp|zml

(Wi (z, )| < (Z’|zm|i"’§r%+E ifo<r<l,
for some M,, such that M,, — M/c (c as in (14.30)) if m — oo. The functions
Win/|zm|7 % then converge to a function ¢ which satisfies

cwAp — A%p =0 inRi (w: lim Z—m),

with the boundary conditions (8.42)—(8.44) and

Cr=3/2 ifr>1,
lp(z, )| < .
Crz*e ifr < 1.
By Theorem 1.1 of [7] we conclude that ¢ = 0.
We can now use truncations, as in §6, to deduce that the left-hand side of (14.28)
converges to zero as m — oo, which is a contradiction.
Having completed the proof of (14.25), we can now easily complete the proof of
Lemma 14.7. Indeed, from (14.25) we get, by the Poincaré inequality,

C 1 C 1 2
Win| < < zte
Wl < 2 g 2m) = Tl 2 <|zm|1/2> "
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if r < M/|zm|'/?, so that the function

~ 1

= .
satisfies
(Win| < Clam| Y42t ifr < M.
On the other hand, from (14.23) we easily deduce that
Won| < Clam|™V4257¢ 3 M <1 < |2 |"/2.
Applying to o = lim (|z|'/4W,,) the same Liouville theorem as before (Theorem
1.1 of [7]), we COI;ZI_L)IEOQ that ¢ = 0, so that
|zm|1/4wm — 0 uniformly for N1 <r < N»
if m — oo, and this is precisely the assertion (14.24). O
In the next lemma we assume that (5.22) holds, so that
1
|2m /2| 1og |2m] |

Lemma 14.8. If Wy, Fin, Q) satisfy (14.17) and (14.32) (and Ry, = 1,|zm| —
o0 ) then, for any M > 0,

(14.33) sup [ zm|r®2[Win| ] = 0 if m — oo
M|zm|~1/2<r<1

Since, by (6.16), (6.19),

(14.32) 1Qmllx <

30
lim r?’/zszm:Asin? ifrel, 6§ <0<m (6 >0),

we then conclude that A = 0, and Lemma 14.6 follows.

Lemma 14.7 tells us roughly that |z, |r3/2|W,,| becomes o(1) if 7 is decreased
to & |2,,|71/2. Lemma 14.8 says that this “smallness” is maintained as we go back
and increase r to r = 1. To prove it we shall work with averages of W,,, and derive
for them an ODE, which will then be carefully studied in Lemma 15.1.

We introduce the average

(14.34) o(r) = [ ho(0,e)W(r,0)dd = [ h(0,r)W(r,0),
/ /

where
1

W=Wpn, 2=z, GZW’

ho(6,€) = h(0,r);

¢ depends on m, i.e., o = @, but to simplify the notation we shall usually drop
the index m.
The function h is chosen to satisfy

9
(14.35) €2h99919 = hgy + Zh, 0<d<m,

and

(14.36) h(0,7) = hy(0,7) = hg(m,r) = 0.
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Note that if e = 0 then sin(360/2) is a solution of (14.35) with h(0,7) = hy(7,r) = 0.
As e — 0 any solution of (14.35)—(14.36) develops a singular layer at ¢ = 0.

In Section 15 we shall construct h explicitly and establish some estimates for its
derivatives with respect to ¥ and 7.

Setting
10 0
= - — rTr— y
ror \  Or
we compute

/cw-mm:c( /W) Jiewwarz [ 20 g
0 0

0 0
and

/Wlmhdﬁ = [Wﬂh—Whﬂ]g-‘r/Whﬂﬂdl?

h(m, )Wy (r, 7T)+/thd19

by (14.36). Hence

(14.37) /AW -hd = Lo+ S1(r),
where
(14.38)
A , 1 ™ ™
Si(r) = (:27’) W (r.m) + — / W (r,9)hoy (0)d6 — / Q1 (r,9)dv,
0
oh OW
(14.39) Qi = (Lh) - W +25° ——.
Next,
ﬂA2W - hdd = ﬂ/:(AW) - hd¥ + 1 [ a—Q(AW) - hd?
o r2 | 02
0
and
2 o
/— (AW) - hdd = h(m,r)=—= AW (r,7) /AW hggd?.
02 v
0
Since
d oh
LIAW -h) = LIAW) - b+ 25 AW - ==+ AW - L(h),

we also have

O/L‘(AW) hdd = L (O/ AW-hdﬂ) - O/QQ(T, 9)do
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where

OAW Oh

We conclude that

(14.41)
O/A2W-h :£<O/AW-hd19) —O/Qgcw

1 0
+ T_{h( )819AWT7T /AW hﬂﬂdﬁ}

Next, by (14.37)

L (/ AW - h) = L2(p) + L(S1(r)).
0
™ s 1 us
AW - hgg = | LIW)hgy + — | Woshos
e

_ / L(W)hgo + 1[Wﬂ(r oo (77) — W(r, w)hoso (7,1)]

1 v
+ ") / W hggs.
T
0

Using the last two relations in (14.41), we get an expression for foﬂ A?W - h, and

subtracting from it z [’ AW - h (which is computed by (14.37) and (14.38)), we
obtain

(14.42)

zO/AWh—/A?W.h
o fo

(7" s —|——/Whmg]
— L2(p) — L(S1(r))

/ Q= ~5h(m ) (AW ) — = / £V has

1
- —4[W19(7", W)hﬁﬁ(ﬂ',?") — W(T W)hﬁﬁﬁ ™, ’r’ /Whﬂﬂﬂﬂ

Also

53

r
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Clearly

vow, . ow

r a9 T E

1 9(AW) 0 W W

r oy T =g AW = e T
whence

1 1 0

r_z‘Zh(ﬂ" YWy (r,m) — ﬁh(ﬁ,r)%(AW)(r, )

h(mr) [ O*W OPF B
= [28x28y+08x3 —b(z)| (z=-r)

by the boundary condition (2.5) for W. Using also (14.35), we get from (14.42)

T

/uhdﬁzz/AW-hdﬁ—/A2W-hd19
0

= 2L(p) — ™ 2@—2/621 (r,9)d0 — L2() — L(S1(r))

(14.43) m
+/Q2(T,19)d19— T%/E(W)hﬂﬂd'l?
0

0

L [Wﬂ (T‘ 7T)h919 (7T r) W(r, 7T)h.91919 (71’, T‘)]

vy
, w O*F
( )[25 25, (r 7T)+O'@—b($):|.

r

We rewrite this equation in the form

(14.44) . (c(@ _ %tp) — (r, 2) = k(r)
and set

(14.45) F(r,2) = 2.

Then

1 9
(14.46) ot —fe = o5 = k().
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M 0y, k= " o (),

1
W.g (r, 7T)h1919(7T, 7"), /€5 = ——W(T‘, 7T)h191919 (71’, T‘),

2
k1 :/uhdﬂ, ko = —
0
1
vy o

ky =
r
™

5 ]€7 = —/QQ(T’, ﬁ)dl?, kg :Z/Ql(T',19)(h97

0 0

h(m,r) 263W(7", )

k =
6 r 0x20y

1 ™
kg = T—2/£(W)hg19d9, klO = 52((,0), kll = E(Sl (T‘))
0

We already know from §6 that
30
732 W, — Asin 5 +0(1)
uniformly in compact subsets of D; further, the first r-derivative converges in the
average sense (with respect to ) because
1/2 1/2
| Zm| ][ |V2W,, |2 and  sup din|2m| ][ |V2W,, |2
k
s Qkn

are uniformly bounded. Consequently, if A # 0 then, for any ro > 1 > 0,

Fr) = S0+ o)

F'r) =~ Zm1 4 o1)

if0<r <r<ry < oo, where 4, — A if m — cc.
Observe that 7+3/2 are solutions of the homogeneous equation (14.46). Hence,
by the variation of parameters formula,

(14.48)

T T

fo(r) = %T3/2 /s_l/2k(s)ds - %r_3/2 /55/2k(s)d8 +ar~3/2 4 pr3/?

0 To

is the general solution of (14.46). We fix r¢ positive and small enough and try to
choose a and b such that

fo(ro) = f(ro) and fy(ro) = f'(ro),
i.e.,
ary ¥ 4 b = f(ry),

3 _ 3
—5970 2y 557"(1)/2 = f'(ro);
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thus we shall have fo(r) = f(r). Substituting f(ro), f'(ro) from (14.48), we deduce
that the last system of equations can be solved with a # 0 and a = O(1), b = O(1),
and

1. [ 1 [
fir)y= §r3/2/5_1/2k(5)d5 — gr_3/2/55/2k(5)d5

(14.49) o o
+ar 32 4032 forall0<r < 70,
4=y — ax #0,b="0,, — b, as m — oc.
Introduce

(14.50)

= s s (W0 O]
M/|z|1/2<r<1 \0<O<m

Since A # 0, ¢* = ¢}, stays uniformly away from zero, say ¢, > co > 0.

Completion of the proof of Lemma 14.8. Denote by r = R* = R} the value of r
where the “sup” is achieved in (14.50). Consider first the case where

(14.51) 2P E@)] < C sup [l (W (r,0)]) at r = R",
0<9<m
where R* = R*,, 2 = 2y, W = W,,,. Then by applying Lemma 14.7 to W/c* we
deduce that
(14.52) Ry, > W
Introduce

W(xz,y) = W(Rxz, Ry), F(z)=F(Rz) for R|z|> 1.
Then

R%:2AW — AW =i in R?,

sz‘+ﬂof~7‘m—wgﬁ =a if y=0, —co<x <0, etc.
We apply Lemma 14.3(ii) with e replaced by R and z replaced by Rz. Taking
Dy and D, to be concentric circles of radii % and % respectively, and with center
(—1,0), we get
(14.53)

R?|2| HVQW”]}(D;) + ||V4WHL2(D;) + |\D7/2ﬁ||L2(aDO+mR)

+(RIZ)PIDIF 2o amy + BI21N DY Fll 205

< CR?|z|sup |W| +C sup |F|+ C||@H0,D+'
DY DY MR !

From the definition of ¢* in (14.50) we get

*

o~ c .
|W(z,y)| = |W(Rz, Ry)| < E2a in DY,

provided
2M 1

14.54 —— < R< —-.
( ) |Z|1/2< <3
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The same bound holds for F. Since further, by the definition of 1Rl and g(R, 2),

I1Qllo, pz < CRY?R|Q|x,
we see that the right-hand side of (14.53) is bounded by
RY2(Cc* + C|Q||xR°), or by CRY?¢*

by (14.32). Therefore (14.53) yields
1/2

2| RE+2 ][|VQW|2 <ce,

59
1/2
R3? ][ VAW 2 < Cc,
(14.55) S0
1/2
R%-‘rl ][|D;/2F|2 S CC*,
Jr

1/2

2| REH ][|D?/2F|2 < oo,
Jr

here S’](%l) means S,(Cl) with Ry = R, and Jp is the corresponding J;. By (14.50)

1/2
AR f | <o
59

and then, by interpolation,

1/2
(14.56) |2|R3 1 ][ VW2 < Cc*.

s
Similarly, by Lemma 14.4,
1/2

|| R3/2 ][|W|2 < Cctdy
Qkn
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(here we make full use of (14.32), i.e., including the log |z,,| factor), and by Lemma
14.5 and interpolation we then get

1/2
AR fwe ] <ce
an
1/2
(14.57) 2| R2 % dy,, ][ VW | <o,
an
1/2

R ][ VAW |2 < C¢e*,

where Sg) is S,(f) with R ~ R, and the Q, form a partition of Sg) into rectangles.
Having proved (14.55)—(14.57) for any R which satisfies (14.54), we can see upon
recalling (14.51) that we are in a situation similar to that of

ka > |Zm|_1/2

studied in earlier sections. Indeed, we are in a situation similar to case (8.6)(a). It
will suffice to consider the case where the W’s dominate the (W, F')-norm (if the F’s
dominate the (W, F')-norm then we proceed precisely as in case (8.6)(a) in Section
9). We then have

Y
sin— at r=R;,,

o Won % 257 5103

where A is a constant independent of m. Since by (14.51)

sup [|zm[r?2|Win (r,0)[] & pc*  at r =Ry,
0<9<n

where p is a constant independent of m, it follows that

A~ 2pc*
T 3
so that
20 ¢ . 39 «
(14.58) 2 Wi & — s at r=RJ,.

To continue with the proof of Lemma 14.8 we need the following result.

Lemma 14.9. Set

1y [ - 1 |
fi(r) = §r3/2/5 V2ki(s)ds, f;(r) = 3" 3/2/55/2kj(5)d3.
Then, for any M > 0,
~ Cc. 1 . M
59 RN IE0 < S o F e <

for 1 <37 <11 and some 6 > 0.
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Suppose the lemma is true. Then we can complete the proof of Lemma 14.8 as
follows:

By Lemma 14.9 and (14.49) we see that, at 7 = R, a,r~%/? is the dominant
term of f(r), i.e.,

A%

(14.60) 1)~ 5
at r = RY. By comparison with (14.59) it follows that a. = pc*. Further,
by Lemma 14.9, the relation (14.60) continues to hold for smaller r’s up to r =
M/|zm|Y/? if M is a sufficiently large positive constant (independent of m). Con-
sequently
1 pc* M

S m 9 = if r=—77-
o252, oW 2 5 i =

If we start the previous analysis with such an M (in the definition (14.50) of ¢*),
then we also have
Ce* . M
|2m Win (1, 9)| < 7372 if W <r<l1
The last two inequalities are in contradiction to the assertion of Lemma 14.7.
So far we have assumed that (14.51) is satisfied. It therefore remains to consider
the case where

(14.61)
|z|r3/2|F(7°)| > sup [|z|7°3/2|W(7"7 W] at r=Ry, for z =z, W = W,,.
0<6<n

We shall first consider the subcase where
2M 1
14.62 —— < R -
(14.62) iz < fm <3

and introduce

W(z,y) = W(R:z,RLy), F(z)=F(R:q).

We apply Lemma 14.3 with Dy, D; as above to approprlate truncations W =
Wf(x y), F = F¢(z,0) and obtain (14.53) for W, F', and then, by Sobolev’s in-
equality, we get
R?|z| sup|W| +|z|R sup |ﬁ|
dDF NR
< CRz|Z| sup |W| +C sup 1F|+ ClIQllo, by
aDTNR
with R = R, and slightly different Dy, Dy; the detailed proof of (14.63) is given
at the end of this section. Using (14.61) we then get

(14.63)

Cc*
2| R%/? Sup|W| + ¢* < C|2|RY? Sup |W| + W+R1/2 ||Q||0 or +o(1)

and the term with Q is o(1), by (5.11). It follows (by (14.61)) that ¢* = o(1), a
contradiction.
Next we consider the case
M . 2M
|2m|1/2 <R, < |2 |12
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We cannot repeat the previous argument, since D goes outside the region where
the supremum c* is taken and, consequently, Lemma 14.3 cannot be used in the
same way. Proceeding differently, we recall that ||(W, F)|ly = 1. Since we are in
the case where |z|'/2|F(0)| is not a dominating term in the norm ||(W, By, it

follows that

C
FO)I < 7
and thus
. M 2M
RN PO C i i <R < o

By the definition of ||(W, F')||,, (see (5.6)—(5.9)) we have
1/2

RE*[z] ][|F—F<o>|2 <c
Ji

and
R™3F|W|| poe(s,) < C|log R|

for R in the above range; here Ji and S have diameters ~ R. It follows that

C|log R|

1/2
C
2
FIE) < and Wlegs < S5
Jk

~ Rl

Applying (14.6) of Lemma 14.3 to (W (R}, x, R%,y), F(R} x)) with € and z replaced
by R}, and R}, z and using (14.32), we find (cf. (14.53) and the derivation of (14.63)
below) that

C |log R|
R|F(R)| < —— + CR?
SIRIP(R)| < e+ CRYa =

at R = R},. Hence

|2 B2 F(R)| < CR'™log R|
and again ¢* = o(1), which is a contradiction.

Finally it remains to consider the case (14.61) with % < R}, < 1. Since A # 0,

the right-hand side of (14.61) is > const. > 0 at r = R, and so

|zm| |F(R},)| — o0 if m — oo.
On the other hand, the previous argument ((14.61) with M|z,,|~Y/? < Rf <
2M|zm|~1/?) shows that

C

m * F * <
o B F (B3| <

+ Clzpm| sup |W|,

1
where the “sup” is taken over 1 < r < 2. Since the right-hand side is bounded, we
get

[2m| |F(Ry,)| < C,

a contradiction. O
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In the next section we shall prove Lemma 14.9, after which we shall briefly
complete the proof of Lemma 6.1 and also indicate the proof of Lemma 8.1.

Proof of (14.63). If we choose £ such that 87¢(x,0) =0 (1 < j < 3), then (W, F)
satisfies

R AW — A2W = €i + (R220W + 0°W)IE + - - -

with
W(z,0) = d,W(x,0) =0 if x>0,
and
2R + BoFy — Wy = €0+ &(BoF — W),
3020,W + R2W, + O2W — O°F = €b+ 0,0,W - &, + 30,W - Euu,
Wae — Wy, = 6+ 20,W - &4 + W
ify=0,2<0.

Notice that the source contains terms like R2:0W, 03W, F, R2W, 9*W, 9*F
and lower order derivatives, but not RzF. We can now follow the procedure used
in the proof of Lemma 14.2 to estimate derivatives successively. For instance, in
the first step we obtain estimates for

1/2 0 1/2
R / e | / 0F?
2 — 00

T

in terms of

R|z2|sup |W|, sup |F]|.
D dD NR

Thus, although 82F is originally bounded only in H~2 (since we originally have
bounds only on sup |W| and sup |F|), we now get an estimate on OF in H'.
We continue with three more iterations, and finally conclude that

R?|z| ||V2W||L2(Ri) + ||V4W||L2(Ri) + HD7/2F||L2(R)
+(R2)?| D*F| 2wy + Rlz| | D?F| L2z

< CR*|2|sup [W|+C sup |[F|+C|Qg p+ »
Dy oD} R !

which is essentially (14.53) for (W, F'). Actually we need to choose a different cutoff
function £ for each of the four iterations, but this does not change the final estimate.
Since F' and W are compactly supported,

1Ly < CIDY2F|| Lo
WLz < C|IV*W||L2(g) -

Noting that W = W, F' = Fin D and on D NR respectively, we get (14.63). O
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15. COMPLETION OF PROOF OF LEMMA 6.1; PROOF OF LEMMA 8.1

We begin the proof of Lemma 14.9 by first constructing a solution h to (14.35),
(14.36) having suitable behavior.
The general solution of (14.35) has the form

ho(8,€) = AEele + BV 4+ Cge”W + D2V

where
1+ (14 9e2)1/2\ /2
rf‘ — (%) = 2(1 + O(ez)), a positive real number,
- 1
’]"2 = —’r’i‘r = —; (1 + 0(62)) 5
1 (1+92)72\"* 3 o
ry = (%) = EZ (1+ O(e?)), pure imaginary,
3
ry = —ry = _Ez (14 0(€)) .

Setting for brevity ho(¢) = ho(¥,€) and

3
We = |T’;_| = 5 (1 + 0(62)) ) )‘e = Tf_ = (1 + 0(62)) s

A | =

we can rewrite ho(6) in the form
ho(0) = Aesin(web) + Be cos(wel) + Ce sinh(Ae) + D, cosh(Ac1).

The boundary conditions ho(0) = 0, h{(0) = 0 together with the choice A, =1 give
C. = —we/Ac and D, = —B,, and the condition hg(7w) = 0 then becomes

%= sinh(Aem) — sin(wer)

e =

cos(wem) — cosh(Aem)

Note that

w 3

= =21 H).

"y 5€ (1+0(e%))
and

We —2X.7 3 2
Bez—)\—(l—kO(e e))256(14—0(6)).
Using the relation sinh x — coshz = —e™", we can then write
(15.1) ho(0, €) = sin(wd) + “A’_ (€27 _ cos(w,d)) + e
where p, is exponentially small together with its derivatives. Thus
39 3

(15.2) ho(9, ) ~ sin = + = (e -1),

where the second term is a boundary layer at 9 = 0.

Lemma 15.1. The function h(9,1) = ho(V, €) satisfies (15.1) with p. exponentially
small together with its derivatives in (9,¢€); consequently,

ih e\ Bt 1
5 =0 (57) Brgg =0 (w‘) forjz1,
(15.3) ;
h

— = < P9 <
35 O(), for0<9<m
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and, for any 6 >0,
oFh

(15.4) SgF =0 ife<v<m

We shall need the following interpolation results:

Lemma 15.2. Let Q be a bounded domain in R? with C? boundary. Then, for any
function v in H3(Q),

(15.5)
1/2 /2 B/2

sup Jv] < C /|’U|2 +C /|VU|2 /(|Vv|2 + [V30]?) ,
@ Q Q
and for any function v in H?(Q)

(15.6) suplo| <C / 2 | V21 c / fof? | /2 /<|v|2+|v2v|2> 5/2
Q Q Q

1
for any 3 <pB <1, a=1-0, where C is a constant depending only on Q, (3.

Remark 15.1. The lemma holds also if @ is a rectangle (and therefore also if @ is a
finite union of rectangles) since v can then be extended as an H® (or H?) function
into a smooth domain which contains @, without increasing the H* (or H?) norm
by more than a multiplicative constant.

Proof. By Sobolev’s inequality

1/2 1/p
sup [v| < C /|v|2 +C /|Vv|p Vp > 2.
N Q Q
If we now use the interpolation inequalities [4, Chap. 1, Sec. 9]
1/p a/2 B/2
Jrvor ) <c{ fur) | foor+ v
Q Q Q
and
1/p a/2 B/2
/|vu|p <c /|vu| /|W|2+ V302
Q Q Q
where § = 1 — 1/p to estimate the right-hand side, then the inequalities (15.5),
(15.6) follow. O

Set W (z,y) = W (rz,ry) for any small r. If we rewrite (14.55), (14.56) for W
and then apply (15.5) to v = VW we obtain, after going back to VIV,

(15.7) sup [v] < ¢
z\|\r
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In the same way, by (14.55) and (15.6),
Cc* 1

2 e -
(15.8) sup [VZW| < 7372 (r2|z|)1-F

s

Similarly, if we set W(x, y) = W(pkn, pkny), where pg,, is the diameter of Qpn,
and use (14.57), we obtain (after using also the relations pg, < Cr, pgn < Cdgp)

Cc*
15.9 VW| < ———(r?|2])?,
(15.9) Stgjl | < |Z|T3/2dlm(7“ E)
Cc* 1
15.10 VW < .
(15:10) S VWS g G
We now proceed to estimate fj and f; for j=1,...,1L

From the definitions of ¢g(R, z) and ||Q||x and the estimate (14.20) we see that
if 7 >> |2|~/2 then, in average,

in Sﬁl)

and
C ri=e . 9
Wl < e gy, Qe (Uan:sg >>,

where S\ = S,(:) with Ry ~ r. Since |h(d,r)| < CY, dip ~y and ¥ ~ y/r if z > 0,
we get

1
C rz—¢

|k1| S |Z|E/2 7"3

in r-average, i.e., averaging on intervals of length r/2 about . Hence

ro

Risoron fon_te oo

— <
ele/255+ = 737 (172

The same estimate is similarly derived for f;. Similarly we also establish the bound

c 1

for ]72 and fo.
Next, by interpolation and (14.55),

1/2 1/4 1/4
fisee) <o fiprere) | fipzee
Jr Jr JIr
Cc*

< —
= 52|12
Hence for any r < r; < r;p1 <79

Tit1 Tit1 1/2

Fiosri=| fiorp

Ti T4

Cc*
T

(Ti+1 - 7‘1') .
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Using this estimate, we deduce that

To

sl < C’"_?’/Q/Sg/QIDiFmsgcr—wc* PO

- r<s;<ro S?|Z|1/2

Ce* 1
P32 2|12

The same bound holds for f;.

f5 and f5 are estimated in the same way, using the fact that

7'3/2|z| |[W(r,9)| < Cc*.

<

To estimate J?G we use integration by parts:

To

. 512 93 (s, )
- -3/2 [ 5 O WST),
Jo = Cor / s 0520y y
To

PWwi" 3 O?W (s, )
_ —2/3 | 320 W 1 S =82 [ 20 WST) o
Cor {S asay] QOOT /S 0s0y te

T
T

By (15.8),
r3/2¢c* _ Cc*
PGNP PGl

We can also estimate I5 by the same bound, so that

T Ep—
TR
Similarly we can estimate f¢ by the same bound.
To estimate f7, recall that

|| < Cr=3/2

(15.11)
h OAW Oh
k7 = —/Q2(7“7 DAY, Q=2 = ==+ AW - L(h).
0
We begin with the term corresponding to 28AW @ Thus we have to estimate
r r
(15.12)
2 _3/2]° ] 52 OAW Oh
= d —— —d?
3" 2] ¢ ds Os
T 0
2 —3/2 ] 5/2 oh 2 _3 2]0 ]T 0 oh
-z AW == _ 28/ AW — [ /222
3" S W@s dv 3" ds W@s S 5 dy
0 r r 0
= Jl — Jz.

We first evaluate the parts J! of J; where the ¥-integration is over the interval
0<9< g; the points (s,4) then belong to the domains S,?), so that (15.10) can
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be used in each ¥-arc Ay, which belongs to Q;.m. Using (15.3) we obtain

!/
|1l < 7“3/22 / 741/2d]~C r2|z|)1 Br dv
Cc dd
—MWW@Z/?
Akn

where dy, ~y and y varies in the interval |z|~%/2 < y < r. Substituting

9=Y a9=%
T T
we find that
@9 _1 [ dy _
15.13 /—:— / 10 rlz|Y/?
( ) Z v T r ) g(rz|/=)
Akn Izlfl/2

and, since € = (r|z|'/?)"t <« 1,
Cc*

4 —_—_—
= S

Next, by (15.3)

9 ( 5200 1/2
. < .
(15.14) ‘85 < 95 ) | = Cs'/“e

Hence, by (15.10),

ro
7] < %/dsz / AT |51/ 2ed
T
r Agn

Cct 1/2y—1
7ﬁ3/2/ 1/2 2|z| dSZ/ din dkn%y,€=(5|z|/) )

To

< %/ ds
= 32 [ (s2]z|)t-Ps’

T

IN

where (15.13) and the fact that € < 1 were used. It follows that

Cc*
!
2l = S

The same bounds can be obtained (more simply) for the interval g <19 <7 by

using (15.8) instead of (15.10).

Finally, to estimate the term in f; which comes from AW - £(h) (see (15.11)),
we proceed essentially as in the derivation of the estimate of Js.

f7 is estimated in a similar way.

We now turn to ]A”é, fs, recalling that

oh 8W
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Since

Ce C
|L(Rh)| < 2 SR
the contribution to ﬁ; coming from L(h) - zWW is bounded by

ro
$9/2 c* Cc*

-3/2 ( S < L L
Cr /53|z|1/2 Ss/zds_Tg/Q(T2|Z|)1/2'

T

The contribution coming from 29,.h - 20, W is evaluated by first using integration
by parts:

T Oh OW
—3/2 5/2
r //5 —asz—as ddds
r 0

= r_?’/Q/ 55/2@21/1/ dy — r®/? / / 2 55/2% zWddds = L1 — Lo.
Js Js 0s
0 r 0

T

Since |0h/0s| < Ce/s,

c* Cc* 1

|L1] < 06;3/2 = 32 2|72

By (15.14) we also have

To
s1/2%e

Cr_3/2c*/ 72 ds (e=(5|z|1/2)_1>

T

| La|

IN

Ce* 1
P32 2|12

IN

Thus, altogether,
~ Cc* 1
Ifs] < 372 —r|z|1/2'

The same bound is similarly derived for fs.
To estimate fg and fy9 we first use integration by parts to write

1[0 oh
ko = —— | — 9.
’ r2/519£(w) 99"

0
Then, by integration by parts in s,

. 1y /’T $5/2 1\ [ *W\ oh
= —= — - —dv

fo 3" 2 5 ) \"8s00 ) 99

0
1 _3/2]0 /’T D ( _1/p0h W\
- g ). = M + M.
+ 3r ds dﬁas s 79 585819 1+ Mo
0

T

To
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We first estimate the parts M/ of M; where the ¥-integration is over the interval
0<v< g Since

S

2y
< 2 2
85819‘ < sV,

using (15.10) we obtain
Cc 1 1 |oh
M|< == — = |dv
My < rl/2 (r2|z|)1—5z / din 819‘
Agn
Noting that dg, ~ y, Oh/09 = O(1) and substituting ¢ = y/r, dd = (dy)/r, we

find, upon using (15.13), that the last integral is bounded by Cr~'log(r|z|'/?).
Consequently,

M| Cc* 1
= G

Next, using (15.3) and (15.10) we get

To

C 1
/
|M2| < m 53/2 51/2 52|z| d Z / dkn
By (15.13), the last integral is bounded by
1
~log (s2['/2),
s

for any 8 < 8’ < 1.

and therefore
C’c*/0 ds < Cc* 1
7| SERENE S AR PP

| My <

for any 8 < 3’ < 1.
The same estimates can be obtained (more simply) for the interval g <?¥<m,
and so
~ Cc* 1
| fo] < Y] W
Similarly we can estimate f9 by the same bound.
To estimate f19 we note that

10/( 0
ko = L%(p) = plw <T§»’3(%ﬁ)>
rotw 5. oW
= Wh(19)d19+2/Whj(ﬁ,r)dﬁ

0 J=0,Z9

3
K+ ZKj,
=0

where h; are products of r-derivatives of h. It will be enough to estimate the term

J?m corresponding to K; the terms corresponding to the K; can be estimated in the
same way (or a bit more simply in the case of Ky, K1, and K>).
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By integration by parts we can write

o l —3/27) ] 5/284W _1 —-3/2 / 5/2 PwW
fio = 37" ds [ s s hdd = 3’!” h—— 553 dd
0

To

T

—3/2/ds/ (s°/2h) - d19 Ny — No.

s
We proceed to estimate the terms N] where the ¥-integration is over 0 < ¥ < —.

By interpolation [9, p. 49] ?
(15.15)
1/2 1/8 3/8
][ VTPWP <C ][ VW ? ][ VWP
Qrn Qkn Qrn

Using (14.57) we get
1/2

][ |v7/2w|2 < 0765/2
|z|M/4rd,
an m

The same bound can be similarly established for (ka )| VEW|2)1/2,
Hence, if lg,, is any circular arc or a line segment in @y, such that

length of lry, = [lrn| > copin,

where py, is the diameter of Q, and ¢g is a positive constant, then, by the trace
theorem,
1/2

C’c*pl/2 Cc*
3 2 < kn < M n < Cd n .
][|V W < |z|1/4rd2/2 S e, (since pgn < Cdgr)

Lin

It follows that
1/2

][ |V3W|dy < C ][ |V3W |2
Akn Akn

and, since |h(¢,7)| < C¥,
9dv
Nl < Y / '

Substituting dg, ~ y, ¢ = y/r, d¥ = (dy)/r, we get
Cc* 1
312 (r[z]|1/2)1/2

< Cc*
= |z|M4Ards,)

Cc* 1
/ 1/2 ~- -+
Nyl < toa(rl=1"2)| < T3y
for any small v > 0. Similarly, since

0
Js

9 (52w, s>>\ < o2,
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we get

Jdv
!
|N2| S T3/2/|Z|1/4S Z/ din

Cc* §3/2 Cc* 1
< __Z= 1/2 - -
= 7"3/2|Z|1/4 / |10g( |Z| )|d8 ,',.3/2 (T|Z|1/2)%_’Y

for any small v > 0. The parts of N7, Ny with T < 9 < m can be estimated, more
simply, using (14.55) instead of (14.57). We conclude that
Ccr 1

| frol <

and the same bound can be obtained for all the other terms that make up J?m-
Similarly one can estimate fio.
We next consider f11, f11, recalling that

k11 = L£(S1(r)), Si(r) as in (14.38).

The terms corresponding to L(W (r, 7)) can be estimated as in the case of kg. The
term corresponding to

/ W(?", G)hlwd’ﬂ

can be estimated quite easily using pointwise estimates on W, 9,W and 92W,
noting that we have good bounds on the r-derivatives of h. All the estimates thus
obtained are of the form (14.59).

Completion of the proof of Lemma 6.1. Having proved Lemma 14.1, the proof of
Lemma 14.6 is now complete. Thus A = 0, and it remains to show that

(15.16) B=0.

Here we shall require the estimate

(15.17) 1@mllx <

The proof of (15.16) is similar to that of Lemma 14.6, so we shall only describe it
briefly. O

First we need to replace Lemma 14.7 by the following lemma.

Lemma 15.3. Suppose

C .
(15.18) [Wn| < PRSI if P <r<l1
for some positive constants M, C. Then, for any constants Ny > Nj > 0,
1 Ny Ns
. = _ <r<
(15.19) W O(Izmlrl/Q) for iR ST S

as m — oQ.
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Proof. The proof is based on the following estimate (cf. (14.25)):

C M
(15.20) (W, F)llr < e for all R < 212"

We establish this bound by contradiction: If (15.20) is not true then (with the same
notation as in the proof of (14.25)) we derive the inequalities

—~ c
Wl < f. (14.29
WIS g (e 0420)
and
N C - 1ie
Wi (2, )] < |2 11; Cifl<r< My |2 |2
r
Also

|Wm(x,y)| < C’|zm|%+§r%+E fo<r<li,

and we then conclude that the sequence W, / |zm|i+§ converges to a function ¢
which is identically zero by [7, Theorem 1.1]. We can then proceed to derive a
contradiction by using the same argument as in Lemma 14.7.

Having proved (15.20) we deduce, by the Poincaré inequality, that the functions

Won(@,y) = Win (pm, pmy) (pm = W)
satisfy
(Wi (2, )| < C|zm|_%7“%'Ire itr <M.
On the other hand, (15.18) yields
[Won(@,9)| < Clam| 3727 i M <1< Mlzw|'/?,

and these two estimates lead (by means of [7, Theorem 1.1]) to the assertion (15.19).
(]

Next we establish an analogue of Lemma 14.9:
If (14.17) and (15.17) hold, then

(15.21) sup [|zm|r1/2|Wm|} 0 ifm— oo
M|z |~ 1/2<r<1

Once this is proved, the assertion (15.16) follows.

Proof of (15.21). We define the function h a little differently than before, namely,
h satisfies the differential equation

1
(15.22) 2 hogoy = hoy + 5h, 0<d<m,
and the boundary condition (14.36). |
Analogously to (14.50) we define

= swp o swp [l AW 0)] + 2R
M/|z|1/2<r<1 0<9<m
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Assuming B # 0 we deduce that ¢* = ¢}, stays away from 0, uniformly in m. We
proceed to derive analogously to (14.55) and (14.56) the estimates

1/2
ArE | fewE| <ee
s
1/2
Arbe | fewp | <ee
5%
1/2
(15.23) )
Rz T2 ][ VAW < O¢,
sy
1/2
R3t3 ][|D;/2’F|2 < Cc,
Jr
1/2
AR fiogere | <ce
Jr
and, analogously to (14.57), the estimates
1/2
|2|R? "3 ][ VW2 <o,
an
1/2
(15.24) 2| R2 1 dy,, ][ VW | <o,
an
1/2
RE N3, ][ VW < ce
Qkn

The relations (14.43), (14.44) remain the same with one minor change:
9 1
n2¢ is replaced by Ecp.
Consequently,

1 1
frr+ ;f’l‘ - @f = k(T‘)

with the same k(r) as before. We can represent f in the form

f(r)= %Tl/z/slmk(s)ds - %T_1/2/53/2/€(5)d5—|—ar_1/2 + brl/2,
To 0

where a = a,, b = b, are uniformly bounded constants, and a,, stays uniformly
away from zero (as m — 00).
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The proof of Lemma 14.9 can now be extended (using (15.23), (15.24)) to con-
clude that (14.59) holds with

* *

C
73% replaced by

and this leads to a contradiction, as before, which completes the proof of (15.21).

ri/2’

Proof of Lemma 8.1. Lemma 6.1 deals with the case Ry, ~ 1, whereas Lemma 8.1
deals with the case

Ry, — 0, while Ry, |zm|Y? > 1.
If we rescale by introducing
Wi (@,y) = W(Rnz, Rmy),  F(z) = Fn(Rn),
then the proof of Lemma 6.1 can be applied with minor changes.

Remark 15.2. One can also prove Lemma 5.1 without the factor log|z|: Indeed, we
may proceed as before except that we shall now have a weaker estimate on |VIWV/|
n (14.57) and (15.24), namely,

1/2

R ][WWP <ce,
|10gd;.m|

3 1 . . .
where « = — and a = = respectively. This weaker estimate, however, does not

change any of the subsequent estimates. As a consequence, Lemma 11.2 and the
existence results in Sections 12,13 also remain valid when the factor log(|z| + 1) is
dropped.
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